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On the extended weight monoid and its applications
to orthogonal polynomials
Guido Pezzini and Maarten van Pruijssen
Abstract. Given a connected simply connected semisimple group G and a connected
spherical subgroup K ⊆ G we determine the generators of the extended weight monoid
of G/K, based on the homogeneous spherical datum of G/K.
Let H ⊆ G be a reductive subgroup and let P ⊆ H be a parabolic subgroup for which
G/P is spherical. A triple (G,H, P ) with this property is called multiplicity free system
and we determine the generators of the extended weight monoid of G/P explicitly in
the cases where (G,H) is strictly indecomposable.
The extended weight monoid of G/P describes the induction from H to G of an irre-
ducible H-representation pi : H → GL(V ) whose lowest weight is a character of P . The
space of regular End(V )-valued functions on G that satisfy F (h1gh2) = pi(h1)F (g)pi(h2)
for all h1, h2 ∈ H and all g ∈ G, is a module over the algebra of H-biinvariant regular
functions on G. We show that under a mild assumption this module is freely and finitely
generated. As a consequence the spherical functions of such a type pi can be described
as a family of matrix-valued orthogonal polynomials.
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1. Introduction
1.1. Context. Let G be a connected simply connected semisimple group over the field of
complex numbers C. The interpretation of the zonal spherical functions on a symmetric
space G/H as Heckman-Opdam polynomials with geometric parameters establishes an
important connection between the representation theory of complex reductive groups on
the one hand and orthogonal polynomials on the other. This interpretation is roughly as
follows. The zonal spherical functions are matrix coefficients of spherical representations,
i.e. of irreducible representations of G with an H-fixed vector. The polynomial nature of
these functions can be explained by the decomposition of tensor products of appropriate
G-representations. The orthogonality comes from Schur-orthogonality and the algebra
of differential operators that determines the Heckman-Opdam polynomials up to scaling
as simultaneous eigenfunctions is a subquotient of the universal enveloping algebra of
g = Lie(G) that is understood via the Harish-Chandra isomorphism. See [17, Ch.5] for
more details.
The heuristic argument behind this nice description of the zonal spherical functions is
the multiplicity freeness of the induction of the trivial H-representation to G. It accounts
for two important facts, namely that the space of H-biinvariant regular functions on G
is spanned by the zonal spherical functions, and that the algebra of differential operators
mentioned above is commutative.
In the context of multiplicity free systems, a notion we recall below, there are several
examples in which more general spherical functions are described as polynomials, see
e.g. [15, 26, 18, 23, 24, 25, 34]. In these cases, instead of the trivial H-representation,
another irreducible H-representation with suitable properties is considered. The poly-
nomials are now vector-valued orthogonal polynomials and in the examples they can be
grouped into matrix-valued orthogonal polynomials. As such, they enjoy properties sim-
ilar to those of the Heckman-Opdam polynomials. For example, the polynomials are
simultaneous eigenfunctions of a commutative algebra of differential operators. In the
case that (G,H) is symmetric, the polynomials are even determined by this property and
we obtain a system of hypergeometric differential equations in the sense of [17, Definition
4.2], see also [25, §2.2].
The main difficulty for the vector-valued polynomials is the determination of all irre-
ducible G-representations that contain an appropriate irreducible H-representation upon
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restriction. This problem can also be thought of as inverting the branching law from G
to H for appropriate irreducible H-representations.
In this paper we solve this problem in the generality of multiplicity free systems and for
each strictly indecomposable multiplicity free system we provide an explicit solution for
the inverse branching law for the appropriate irreducible H-representations. Moreover,
we show that under mild conditions the spherical functions can be described by families of
vector-valued orthogonal polynomials, possibly in several variables, and that they can be
grouped into families of matrix-valued orthogonal polynomials. To establish these results
we use spherical varieties and in particular the combinatorics of homogeneous spherical
data.
1.2. Results. We fix a maximal torus and a Borel subgroup TG ⊆ BG ⊆ G, and let K
be a closed subgroup of G. We assume that K is connected and spherical, i.e., a Borel
subgroup of G has an open orbit on G/K. The definition of a spherical variety along with
some facts, notations and conventions will be recalled in Sections 2 and 3. We will also
recall the notion of homogeneous spherical data, which are combinatorial objects used in
the classification of such varieties.
The extended weight monoid Γ˜(G/K) of the homogeneous space G/K is the set of all
pairs (ω, χ), where ω is a character of BG and χ is a character of K, for which there
exists a non-zero function f ∈ C[G] satisfying
f(b−1gp) = ω(b)f(g)χ(p), for all (b, g, p) ∈ BG ×G×K,
see Definition 5.1. The assumption that G be simply connected implies that Γ˜(G/K) is
a freely and finitely generated monoid (see Proposition 5.2 below).
Our first main result is Theorem 6.4, where we give a general combinatorial procedure
to derive the generators of Γ˜(G/K) from the homogeneous spherical datum of G/K. Com-
putations of extended weight monoids are found in the literature for particular spherical
subgroups, and carried out with ad-hoc methods. Reductive ones are dealt with in [27]
(for G simple) and in [2] (for G not simple); the approach is case-by-case using represen-
tation theory and explicit computations. The case of K solvable is found in [4].
While this paper was being finalized, the preprint [1] appeared, where another way to
compute the extended weight monoid of spherical homogeneous spaces G/K in general is
proposed. It is based on a description of K as a subgroup of a suitably chosen parabolic
subgroup P of G. There is some overlap with our techniques: in particular, we compute
in the same way some generators coming easily from the natural morphism G/K →
G/P . For the other generators our approach is different, and uses only the homogeneous
spherical datum of G/K.
Let now H ⊆ G be a reductive subgroup and P ⊆ H a parabolic subgroup. The triple
(G,H, P ) is called a multiplicity free system if P is a spherical subgroup of G. This
notion is related to the representation theory of G and H in the following way. We
choose a maximal torus and a Borel subgroup TH ⊆ BH ⊆ H in a compatible way,
meaning that BH ⊆ BG and TH ⊆ TG. The opposite Borel subgroups with respect to
TG and TH are denoted by B
−
G and B
−
H respectively. Furthermore we arrange B
−
H ⊆
P . Let X (TG) denote the character group of TG and denote by X+(TG) the monoid of
dominant characters with respect to BG. We recall that they are also called dominant
weights and they parametrize the equivalence classes of the irreducible G-representations,
by taking the highest weight appearing in the representation. In in the same way the
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dominant characters in X+(H) ⊆ X (TH) parametrize the equivalence classes of irreducible
H-representations. Let X (P ) ⊆ X (TH) denote the group of characters of TH that can be
extended to a character of P . If χ ∈ X+(TH) then we denote the corresponding irreducible
H-representation of highest weight χ by πH,χ : H → GL(VH,χ).
Let χ ∈ X+(TH) ∩ X (P ). Following the Borel-Weil Theorem we see that Ind
H
P (χ) is an
irreducible H-representation of lowest weight wH0 (χ), where w
H
0 ∈ WH = NH(TH)/TH is
the longest Weyl group element, and hence IndHP (χ) = πH,χ. Induction in stages yields
IndGH(πH,χ) = Ind
G
P (χ) and the latter space is a G-representation whose decomposition
into irreducible G-representations is multiplicity free. Indeed, IndGP (χ) is the space of
regular sections of a G-line bundle over the space G/P . Since G/P is a spherical variety,
the decomposition is multiplicity free, see e.g. [33, Thm.25.1]. This means in particular
that dimHomH(VH,χ, VG,λ) ≤ 1 for all λ ∈ X+(TG). In this context it is natural to study
the set X (TG;TH , χ) := {λ ∈ X+(TG) : dimHomH(VH,χ, VG,λ) = 1}, which we call the
χ-well. It is directly related to the extended weight monoid, indeed λ ∈ X (TG;TH , χ) if
and only if (λ,−χ) ∈ Γ˜(G/P ).
If (G,H, P ) is a multiplicity free system with G not simply connected and χ ∈ X+(TH)∩
X (P ), then X (TG;TH , χ) can be obtained from X (TG˜;TH˜ , χ˜), where ψ : G˜ → G is
the simply connected cover, H˜ is the connected component of ψ−1(H) containing the
identity and χ˜ is the highest weight of the irreducible representation πHχ ◦ (ψ|H˜). Indeed,
X (TG;TH , χ) consists of weights of X (TG˜;TH˜ , χ˜) for which the corresponding irreducible
representation descends to an irreducible representation of G. Hence it is not a restriction
to assume G simply connected.
A multiplicity free system (G,H, P ) is called strictly indecomposable if (G,H) is strictly
indecomposable, meaning that pair (G, [H,H ]) is not isogenous to a product (G1 ×
G2, H1 × H2) with Hi ( Gi non-trivial. The strictly indecomposable multiplicity free
systems (G,H, P ) with G semisimple are classified in [16] for (G,H) symmetric and [34]
for (G,H) spherical but not symmetric. Our second main result is the calculation of
the generators for each strictly indecomposable multiplicity free system (G,H, P ) with
G semisimple and simply connected in Sections 9 and 10.
In Section 11 we recall the notion of a zonal spherical function and of a spherical function
of type χ ∈ X+(TH)∩X (P ) for a multiplicity free system (G,H, P ). The zonal spherical
functions constitute a basis of the vector space E0 := C[G]H×H of H-biinvariant regular
functions on G. Similarly, the spherical functions of type χ constitute a basis of the
vector space
Eχ := (C[G]⊗ End(VH,χ))
H×H .
Let (G,H, P ) be a strictly indecomposable multiplicity free system with G simply con-
nected and assume that E0 is a polynomial algebra. This is a mild assumption, because
it is satisfied in all cases (G,H, P ) where P ⊂ H is proper. Under this assumption, our
third main result is that Eχ, with χ ∈ X+(TH)∩X (P ), is freely and finitely generated
as module over E0. As a consequence the spherical functions of type χ can be described
as a family of vector-valued orthogonal polynomials. Moreover, these polynomials can
be grouped together in a family of matrix-valued orthogonal polynomials. As such, the
families of polynomials fit into the framework of [25], where also the differential prop-
erties are discussed and where the example (SL(n) × SL(n), diag(SL(n)), diag(P )), with
P ⊆ SL(n) a parabolic with Levi subgroup isomorphic to GL(n−1), is discussed in great
detail.
4
2. Notations
We fix a simply connected semisimple group G over C. As above, we fix a choice of a Borel
subgroup BG ⊆ G and a maximal torus TG ⊆ BG, we denote by SG the corresponding
set of simple roots, by B−G the opposite Borel subgroup of B, and by WG the Weyl group
of G. When no confusion arises, for simplicity they will be also denoted by B, T , S, B−,
W respectively.
In general, if K is an algebraic group, the group of its characters is denoted by X (K), and
the connected component of K containing the neutral element by K◦. The commutator
of K is denoted by (K,K), the center by Z(K), and all subgroups of K are assumed to
be closed. The group Cr {0} will be denoted by C×.
We recall the following definition.
2.1. Definition. A subgroup L of a connected reductive groupM is called very reductive
if L is not contained in any proper parabolic subgroup of M .
3. Spherical varieties
In this section we recall some basic notations and facts on spherical varieties.
3.1. Definition. A spherical G-variety (or simply a spherical variety) is a normal irre-
ducible G-variety having an open B-orbit. If K ⊆ G is a subgroup such that G/K is a
spherical variety, then K is called a spherical subgroup of G.
Let X be a spherical variety. We denote by C(X)(B) the multiplicative subgroup of non-
zero rational functions on X that are eigenvectors for the action of B-translation. The
eigenvalues of such eigenvectors form a lattice of characters of B, denoted by Ξ(X). Its
rank is by definition the rank of X , and we will denote the vector space Ξ(X)⊗ZQ simply
by Ξ(X)Q. We also associate with X the vector space
N(X) = HomZ(Ξ(X),Q).
The natural pairing between Ξ(X) (or Ξ(X)Q) and N(X) is denoted by 〈−,−〉.
By a discrete valuation on C(X) we mean a map v : C(X)r {0} → Q such that v(fg) =
v(f) + v(g) for all f, g ∈ C(X) r {0}, such that v(f + g) ≥ min{v(f), v(g)} whenever
f, g, f + g ∈ C(X)r {0}, such that v(f) = 0 if f is constant, and such that the image of
v is a discrete (additive) subgroup of Q.
Any discrete valuation v of C(X) can be restricted to C(X)(B). Since X is spherical, this
yields a well-defined element ρ(v) of N(X), by identifying Ξ(X) with the multiplicative
group C(X)(B) modulo the constant functions. This applies in particular to the valuation
associated with any B-stable prime divisor D of X , and in this case we denote simply by
ρ(D) (or ρX(D)) the corresponding element of N(X).
The B-stable but not G-stable prime divisors of X are called colors, and their set is
denoted by ∆(X). Given a color D ∈ ∆(X) and a simple root α ∈ S, we say that α
moves D if D is not stable under the minimal parabolic subgroup of G strictly containing
B corresponding to α.
There exists a minimal set Σ(X) of primitive elements of Ξ(X) such that the set
V(X) = {η ∈ N(X) | 〈η, σ〉 ≤ 0 ∀σ ∈ Σ(X)}
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is equal to the set of the elements ρ(ν) for ν any G-stable discrete valuation of C(X).
The elements of Σ(X) are called the spherical roots of X .
A simple root α ∈ S can move up to two colors of X , and it moves two colors if and only
if α ∈ S ∩ Σ(X). The set of simple roots moving no color is denoted by Sp(X), and the
set of colors moved by some simple roots in S ∩ Σ(X) is denoted by A(X).
The homogeneous spherical datum of X is defined as the quintuple
(Sp(X),Σ(X),A(X),Ξ(X), ρX : ∆(X)→ N(X)).
The pairing Z∆(X) × Ξ(X) → Z induced by (D, ξ) 7→ 〈ρX(D), ξ〉 for D ∈ ∆(X) and
ξ ∈ Ξ(X) is also denoted by c(−,−) (or cX(−,−)), and it is called the Cartan pairing of
X .
We recall that spherical homogeneous spaces are classified up to G-equivariant isomor-
phisms by their homogeneous spherical data, which can be defined as purely combinatorial
objects satisfying the axioms given in [29, Section 2].
Many of the spherical subgroups encountered in this paper are wonderful, so we recall
the definition of this notion.
3.2. Definition. A spherical subgroup K of G is wonderful if Σ(G/K) is a basis of the
lattice Ξ(G/K).
4. Spherical closure and morphisms
In this section we recall some combinatorial constructions and results on equivariant mor-
phisms between spherical homogeneous spaces. Our goal is to prove Proposition 4.6 and
Corollary 4.8 below, which are reformulations of well-known facts. They are formulated
with the specific goal of being easy to apply in Sections 9 and 10, requiring there as few
verifications as possible. For this reason, in this form they are not found in the literature,
and we need to recall several facts in order to show how our statements derive from known
results.
We first need the following standard definition.
4.1. Definition. Let K be a spherical subgroup of G. The spherical closure K is defined
as the kernel of the action of the normalizer NGK on ∆(G/K), induced by the natural
action of NGK/K on G/K by G-equivariant automorphisms. The spherically closed
spherical roots of G/K, or of any spherical variety X with open G-orbit G/K, are the
spherical roots of G/K. Their set is denoted by Σsc(X).
4.2. Remark. (1) From its definition it is obvious that K contains K, hence K is a
spherical subgroup of G. Also, for any subgroup J such that K ⊆ J ⊆ K, the
spherical homogeneous spaces G/K and G/J “have the same colors”, in the sense
that the natural morphism G/K → G/J induces a bijection ∆(G/J)→ ∆(G/K)
compatible with the Cartan pairing, and respecting the property of a color of
being moved by any given simple root.
(2) The spherically closed spherical roots of a spherical variety X are easily deduced
from Σ(X). Indeed, the elements of Σsc(X) are equal to the elements of Σ(X),
except for the fact that any σ ∈ Σ(X) is replaced by 2σ, if σ /∈ S and 2σ is
a spherical root of some spherical G-variety. For a proof of this fact see [31,
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Proposition 2.7], where also a more explicit combinatorial description of Σsc(X)
can be found.
(3) The spherical closure of any spherical subgroup is wonderful, thanks to [21, Corol-
lary 7.6].
We also recall the following proposition, part of Luna’s theory of augmentations.
4.3. Proposition ([29, Lemme 6.3.1], see also [30, Section 3]). Let K be a spherical
subgroup of G. Then J 7→ Ξ(G/J) is a bijection between the set of subgroups J of G
satisfying K ⊆ J ⊆ K and the set of lattices Ξ′ such that Ξ(G/K) ⊇ Ξ′ ⊇ Ξ(G/K) =
spanZ(Σ
sc(G/K)).
We come to equivariant morphism between spherical varieties. The following definitions
and proposition are well-known.
4.4. Definition. A subset ∆′ ⊆ ∆(X), is called distinguished if there is a linear combi-
nation of elements of ρX(∆
′), with non-negative rational coefficients, that is non-negative
on all spherical roots of X . In addition, ∆′ is called parabolic if there is such a linear
combination that is strictly positive on all spherical roots.
4.5. Definition. Let ϕ : X → Y be a dominant G-equivariant morphism with connected
fibers between two spherical G-varieties X , Y . We denote by ∆ϕ the set of colors of X
mapped dominantly to Y .
4.6. Proposition. Let ϕ, X, and Y be as in Definition 4.5. Then ∆ϕ is a distinguished
subset of ∆(X), and we have
(1) spanQ≥0 Σ(Y ) =
(
spanQ≥0 Σ(X)
)
∩
 ⋂
D∈∆ϕ
ker ρX(D)
 .
If in addition Y is homogeneous and complete, then ∆ϕ is parabolic. Finally, given
X homogeneous and a distinguished subset ∆′ of ∆(X), there exist unique (up to G-
equivariant isomorphism) Y and ϕ such that Y is a homogeneous G-variety Y with
spanQΣ(Y ) = Ξ(Y )Q, and ϕ : X → Y is a G-equivariant morphism with connected fibers
such that ∆ϕ = ∆
′. If ∆′ is parabolic, then Y is complete.
Proof. We show how to reduce the proposition to known results in the literature. First,
one may assume X and Y homogeneous by replacing them with their respective open G-
orbits. Also, notice that Ξ(Y ) ⊆ Ξ(X) by pulling back B-semiinvariant rational functions
from Y to X .
The subset ∆ϕ of ∆(X) is distinguished because the convex cone generated by ρX(∆ϕ)
together with V(X)∩Nϕ is a vector subspace of N(X). Here Nϕ is the vector subspace of
N(X) of the elements that are zero on Ξ(Y ), and this result follows from [20, Lemma 4.3,
part b)].
In particular Nϕ is generated, as a vector space, by ρX(∆ϕ) and Nϕ ∩ V(X)lin, where
V(X)lin is the linear part of the convex cone V(X). This implies that
(2) Ξ(Y )Q = U ∩
 ⋂
D∈∆ϕ
ker ρX(D)

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where U is the common kernel of all elements of Nϕ ∩ V(X)lin. Notice that
(3) U ⊇ spanQΣ(X).
The last assertions of [20, Theorem 4.4] also imply that
spanQ≥0 Σ(Y ) =
(
spanQ≥0 Σ(X)
)
∩ Ξ(Y )Q,
which yields (1) thanks to (2) and (3).
Viceversa, let X be a spherical homogeneous space and ∆′ a distinguished subset of ∆(X),
and denote by N ′ the vector subspace of N(X) of the elements vanishing on
M ′ =
(
spanQ Σ(X)
)
∩
 ⋂
D∈∆ϕ
ker ρX(D)
 .
Theorem 4.4 in loc.cit. implies that there exist a spherical homogeneous space Y and a
dominant G-equivariant morphism ϕ : X → Y with connected fibers, such that Nϕ = N
′
(i.e.M ′ = Ξ(Y )Q), and ∆ϕ = ∆
′. The same theorem also states that Y and ϕ are uniquely
determined by ∆ϕ and Nϕ, under the assumptions that Y is homogeneous and that ϕ is
dominant with connected fibers. So Y and ϕ are uniquely determined by ∆ϕ if we fix the
subspace Nϕ = N
′.
Finally, it is well-known that a spherical homogeneous space Y is complete if and only
if Ξ(Y ) = {0}, which is equivalent to N ′ = N(X), which is equivalent to ∆′ being
parabolic. 
4.7. Remark. (1) Notice that Σ(Y ) is uniquely determined by the equality (1) and
Ξ(Y ), because by definition its elements are primitive in the lattice Ξ(Y ).
(2) Equality (1) holds even if ϕ does not have connected fibers. Indeed, in this case
we replace X and Y by their open G-orbits, say resp. G/K and G/J with K ⊆ J ,
and we may assume that ϕ is the natural map G/K → G/J . Let J˜ be the union of
those connected components of J that intersect K, and consider the factorization
of ϕ given by the natural morphisms G/K → G/J˜ → G/J . Then we apply
equality (1) to the first morphism (which has connected fibers), and observe that
J˜◦ = J◦. This implies by [20, Theorem 4.4 and Proof of Theorem 6.1] that
G/J and G/J˜ have the same spherical roots, up to replacing some elements with
positive rational multiples.
4.8. Corollary. Let K, J be spherical subgroups of G and set X = G/K, Y = G/J .
Suppose that spanQΣ(Y ) = Ξ(Y )Q, and that there exist
(1) a distinguished subset ∆′ ⊆ ∆(X) such that equality (1) holds, where we substitute
∆′ for ∆ϕ, and
(2) a bijection ψ : ∆(Y ) → ∆(X) r ∆′ such that ρY (ψ(D)) = ρX(D)|Ξ(Y )Q for all
D ∈ ∆(X) r∆′, and such that any simple root moves D if and only if it moves
ψ(D).
If K is connected, then K is conjugated in G to a subgroup of J .
Proof. By Proposition 4.6 there exists a spherical homogeneous space Y˜ and a dominant
G-equivariant morphism ϕ : X → Y˜ with connected fibers, such that ∆ϕ = ∆
′ and
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spanQΣ(Y ) = spanQΣ(Y˜ ), hence Ξ(Y )Q = Ξ(Y˜ )Q. Let J˜ be such that Y˜
∼= G/J˜ and the
point eK ∈ X is sent to eJ˜ by ϕ, i.e. K ⊆ J˜ . Pullling back along ϕ induces a bijection
ψ˜ : ∆(Y˜ ) → ∆(X) r ∆′ with the same above properties stated for ψ, where we replace
Ξ(Y ) with Ξ(Y˜ ) (notice that the inverse image of a color of Y˜ is a single color of X
because ϕ has connected fibers).
We conclude that Y˜ and Y have the same homogeneous spherical datum, up to the fact
that the lattices Ξ(Y ) and Ξ(Y˜ ) may be different (but both have both maximal rank
in the same Q-vector space), and the spherical roots may differ by the rescaling with
positive rational numbers. We claim that then the groups J˜◦ and J◦ are conjugated in
G, which would conclude the proof.
Let us show the claim. First we observe that Σ(Y )∩S = Σ(Y˜ )∩S, because they are equal
up to rescaling, and we have a bijection between the colors of Y and of Y˜ respecting the
property of being moved by any given simple root. This implies that the simple roots that
move two colors each correspond, and that’s exactly the simple roots that are spherical
roots.
From Remark 4.2, part (2), we conclude that Σsc(Y ) = Σsc(Y˜ ), in particular Σsc(Y ) and
Σsc(Y˜ ) are both contained in Ξ′ = Ξ(Y˜ ) ∩ Ξ(Y ).
By Proposition 4.3, the inclusions Ξ(Y ) ⊇ Ξ′ ⊇ spanZΣ
sc(Y ) induces an inclusion J ⊆ J0
where J0 is a subgroup of G such that G/J0 has the same homogeneous spherical datum
of Y , except for the lattice Ξ(G/J0) = Ξ
′, and as above the spherical roots may differ
by some rescaling. The same applies to J˜ , yielding another inclusion J˜ ⊆ J˜0 with
Ξ(G/J˜0) = Ξ
′. Since Ξ′ has finite index in both Ξ(Y ) and Ξ(J˜), by [14, Lemma 2.4] we
conclude that J◦ = J◦0 and J˜
◦ = J˜◦0 .
Finally, by [28, Theorem 1], the subgroups J0 and J˜0 are conjugated in G, concluding the
proof of the claim. 
5. The extended weight monoid
Let K ⊆ G be a subgroup. If a regular function f ∈ C[G] is simultaneously an eigenvector
for the left translation action of B on C[G] and an eigenvector for the right translation
action of K, then we denote by ωf ∈ X (B) and χf ∈ X (K) the B-eigenvalue and the
K-eigenvalue respectively.
5.1. Definition. Let K be a spherical subgroup of G. The extended weight monoid1 of
X = G/K is the set of couples (ωf , χf), for f ∈ C[G] varying in the set of B-eigenvectors
for the left translation action and K-eigenvectors for the right translation action. It is
denoted by Γ˜(X).
Consider X = G/K as in the definition, and D ∈ ∆(X). Since G is simply connected,
the inverse image D˜ under the natural projection G → G/K has a global equation fD,
unique up to a non-zero multiplicative constant. Therefore it is well defined the element
(ωD, χD) = (ωfD , χfD).
We recall the following well-known proposition.
1It is also called the extended weight semigroup.
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5.2. Proposition. Let X = G/K be a spherical homogeneous space. Then the monoid
Γ˜(X) is freely generated by the elements (ωD, χD) for D varying in ∆(X).
Proof. The weights (ωD, χD) are linearly independent by [11, Lemma 2.1.1]. We prove
they generate the monoid Γ˜(X), so let f ∈ C[G] be a left-B-eigenvector and a right-K-
eigenvector. Its divisor is invariant under left translation by B and right translation by
K, therefore it is the pull-back along the projection G→ G/K of a B-stable divisor δ on
G/K.
Since B is connected, we have that δ is a linear combination of B-stable prime divisors
of G/K, i.e. of colors:
δ =
∑
D∈∆(X)
nDD
where nD is a non-negative integer for all D. Then the product F =
∏
D∈∆(X) f
nD
D is a
regular function on G having the same divisor of f . It follows that F is a scalar multiple
of f , yielding (ωF , χF ) = (ωf , χf). It remains to observe that by construction
(ωF , χF ) =
∑
D∈∆(X)
nD(ωD, χD).

The following lemma is an easy generalization of a result of [13]. It provides an explicit
formula for ωD for any color D.
5.3. Lemma ([13]). Let X = G/K be a spherical homogeneous space. Let D ∈ ∆(X)
and let α be a simple root moving D. Set ε = 2 if 2α ∈ Σ(X), or ε = 1 otherwise. Then
ωD = ε
∑
β
ωβ,
where β varies in the set of simple roots that move D.
Proof. See [33, Lemma 30.24]. 
6. Computing the extended weight monoid
Let X = G/K be a spherical homogeneous space. In this section we explain how to
compute explicitly the extended weight monoid of X , using the homogeneous spherical
datum of X . For this we refer to the generators of Γ˜(X) appearing in Proposition 5.2.
The weights ωD of that proposition are given in Lemma 5.3. Here we will show how to
derive the weights χD, expressing them as restrictions of certain weights of T , provided
we choose K in its conjugacy class in a suitable way.
Let us fix a parabolic subgroup Q of G minimal containing K. Up to conjugating Q and
K in G, we may assume that Q contains K and also B−, and we denote by LQ the Levi
subgroup of Q containing T . By a standard argument, the group K has a Levi subgroup
LK contained, spherical, and very reductive in LQ, and we have K
u ⊆ Qu.
Let us denote by ∆′ the parabolic subset of colors corresponding to the natural map
π : X → G/Q. Then the colors of G/Q are the images π(D) of the colors D ∈ ∆(X)r∆′.
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The set ∆(G/Q) is also identified with S r Sp(G/Q), by associating a color π(D) ∈
∆(G/Q) with the (unique) simple root α that moves it. Moreover, for all D ∈ ∆(X)r∆′,
a simple application of the Peter-Weyl theorem yields
(4) (ωπ(D), χπ(D)) = (ωα,−ω
Q
α ),
where we denote here by ωQα : Q → C
× the extension of ωα : T → C
× to Q. Denote by
ωKα the restriction ω
Q
α |K : K → C
×.
Consider now a color D ∈ ∆(X)r∆′: equality (4) yields
(5) (ωD, χD) = (ωα,−ω
K
α ).
To determine the weights of the other colors, we use the fact that the spherical roots of
X give condition on these weights, via the Cartan pairing of X .
6.1. Lemma. For all σ ∈ Σ(X) we have
(6) (σ, 0) =
∑
D∈∆(X)
cX(D, σ) (ωD, χD).
Proof. The formula is well known. It is proved e.g. in [11, Section 2.1], under the as-
sumption that K is wonderful. The same argument of loc.cit. yields the formula for any
spherical subgroup K ⊆ G.
One can also easily reduce the general case to the one of wonderful subgroups, by using
the wonderful closure K̂ of K, defined in [30]. The relevant properties of K̂ are that
K ⊆ K̂ ⊆ K, that Σ(G/K̂) = Σ(X), and that the natural morphism X → G/K̂ induces
a bijection between ∆(X) and ∆(G/K̂) compatible with the Cartan pairing. Then the
formula of the lemma for G/K is clearly equivalent to the same formula for G/K̂. 
To show that this is enough to determine the weights of all colors, we will need the
following known auxiliary results.
6.2. Lemma. Let L be a very reductive subgroup of a connected reductive group M . Then
the restriction map X (L)→ X (L ∩ Z(M)◦) has finite kernel.
Proof. Consider the commutative diagram
X (L) → X (L ∩ Z(M)◦)
↓ ↓
X (L◦) → X (L◦ ∩ Z(M)◦)
given by the restriction maps. Using the fact that the vertical maps have finite kernel,
we may replace L◦ by L if necessary, and assume that L is connected.
Let χ be a character of L trivial on L ∩ Z(M)◦. Then it descends to a character χ of
the image L via the quotient M →M =M/(Z(M)◦). Notice that L is a connected very
reductive subgroup of the semisimple group M .
Our lemma follows now from the claim that the character group of L is trivial. To prove
this claim, suppose for sake of contradiction that X (L) is non-trivial. Then the center of
L has positive dimension, because L = (L, L) · Z(L)◦.
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Let ξ : C× → Z(L)◦ be a non-trivial one-parameter subgroup. Then L is contained in the
set P (ξ) of elements m ∈ M such that the limit
lim
a→0
ξ(a)mξ(a)−1
exists. But P (ξ) is a proper parabolic subgroup of M (see [32, Proposition 8.4.5 and its
proof])): contradiction. 
We proceed by giving two useful formulae in the next lemma. The first is well-known;
the second was already implicitly given in [8, Lemma 3.2.1], and it turns out to be the
core of our procedure for computing extended weight monoids.
6.3. Lemma. We have
rkX (K) = |∆(X)| − rk Ξ(X),(7)
rk Ξ(X)− dim(spanQ ρX(∆
′)) = rkX (Q)− rkX (K).(8)
Proof. The first formula is well known, let us give a proof for convenience. We may
assume that BK is open in G. Then we notice that Ξ(X) is isomorphic to the quotient
C(X)(B)/C×, by associating to λ ∈ Ξ(X) the class [f ] (modulo the constant invertible
functions) of a B-eigenvector f ∈ C(X) of B-eigenvalue λ. Since BK/K is open in
G/K, we may identify C(X)(B)/C× with the group of characters X (B/(B ∩K)), which
is isomorphic to X (B)B∩K .
By [11, Lemma 2.1.1] (whose proof holds for any spherical subgroup K ⊆ G), we have
rk(X (B)×X (B∩K) X (K)) = |∆(X)|.
This, together with the exact sequence
0→ X (B)B∩K → X (B)×X (B∩K) X (K)→ X (K)→ 0
(the third map is surjective because all characters of B ∩K extend to characters of B),
yields the first formula of the lemma.
Formula (8) follows easily from [8, Lemma 3.2.1] under the assumption Ξ(X) = spanZΣ(X).
The same proof holds without this assumption, let us check the details.
Thanks to Lemma 6.2, and the fact that the restriction map X (K) → X (LK) is an
isomorphism, we may replace X (K) in formula (8) with X (LK ∩ Z(LQ)
◦). We may also
replace X (Q) by X (Z(LQ)
◦), since Q = Qu · (LQ, LQ) · Z(LQ)
◦.
Now, the formula follows if we prove that restricting the elements of Ξ(X) to the subtorus
Z(LQ)
◦ of T induces an injective map
ϕ :
⋂
D∈∆′
ker(ρX(D))→ X (Z(LQ)
◦)LK∩Z(LQ)
◦
.
with finite cokernel.
Let γ ∈
⋂
D∈∆′ ker(ρX(D)), and let fγ ∈ C(X) be a B-eigenvector of B-eigenvalue γ. Call
Fγ the pull-back of fγ on G. By our assumptions on γ, the function Fγ has no zero nor
pole except possibly for the pull-backs of colors of G/Q along the projection G→ G/Q.
This implies that Fγ is a B-eigenvector, under the action of G on G by left translation,
and a Q-eigenvector under the action of right translation. Using the Peter-Weyl theorem,
it is elementary to deduce that the Q-eigenvalue (restricted to T ) of Fγ is −γ. But Fγ
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is also K-invariant under right translation, therefore LK-invariant, and so −γ|LK∩Z(Q)◦ is
trivial. We deduce that the map ϕ as above is defined.
This argument also shows that γ extends to a character of Q, and if it is trivial on Z(LQ)
◦
then it trivial on Q. It follows that ϕ is injective.
Finally, consider χ ∈ X (Z(LQ)
◦), and extend it to a character χ˜ of Q. This is, again
using the Peter-Weyl theorem, the Q-eigenvalue of some Q-eigenvector F ∈ C(G) under
right translation, such that F is also a Q+-eigenvector of weight −χ˜ under left translation.
Here Q+ is the parabolic subgroup of G opposite to Q with respect to T .
Suppose that χ (and hence χ˜) is trivial on LK ∩ Z(Q)
◦. By Lemma 6.2, a multiple nχ˜
for some nonzero n ∈ Z is trivial on LK , and hence on K. We deduce that F
n is fixed
under right translation by K, i.e. it descends to a B-eigenvector of C(X) of B-eigenvalue
γ = −nχ˜|B, with the property that −γ|Z(LQ)◦ = nχ. This shows that ϕ has finite cokernel,
and the proof is complete. 
6.4. Theorem. Let ∆′ ⊆ ∆(X) be a minimal parabolic subset of colors. Then equali-
ties (5) for all D ∈ ∆′, and equalities (6) for all σ ∈ Σ(X), determine χD|K◦ uniquely
for all D ∈ ∆(X).
Proof. We first prove the theorem under the assumption that Ξ(X)Q = spanQ Σ(X).
Let us denote for brevity χD|K◦ by χ
′
D. Equalities (5) determine χ
′
D for allD ∈ ∆(X)r∆
′,
it remains to prove that the elements χ′E for E ∈ ∆
′ are also uniquely determined. We
consider then (6) for σ varying in Σ(X) as a system of inhomogeneous linear equations
with unknowns χ′E .
These unknowns take values in X (K◦), which is a free abelian group of finite rank. It
is harmless to consider the unknowns as taking values in X (K◦)Q, so that our system of
equations has vector unknowns, vector constant terms, and scalar coefficients. To prove
that it has a unique solution, we must show that the number of unknowns is equal to the
rank of the matrix of the homogeneous system, that is, the matrix
A = (cX(D, σ))D∈∆′,σ∈Σ(X) .
We put together the equalities of Lemma 6.3, together with rk(Q) = |∆(G/Q)| =
|∆(X)| − |∆′| (where the first equality follows from the first equality of Lemma 6.3
applied to the spherical subgroup Q of G), and obtain
(9) |∆′| = dim(spanQ ρX(∆
′)).
Since Σ(X) is a basis ΞQ, the right hand side of (9) is equal to the rank of A. Therefore
the theorem holds.
To finish the proof, it remains to reduce the general case to the case where Ξ(X)Q =
spanQΣ(X), so letK be any spherical subgroup of G. Let us consider again the wonderful
closure K̂ of K, and set Y = G/K̂. Thanks to the recalled properties of K̂, in particular
the given identification between ∆(X) and ∆(Y ), the pull-back to G of the colors of X
and of Y are the same. So, for all D ∈ ∆(X), one can take the same global equation to
define the weight χD ∈ X (K) for G/K and the weight for G/K̂, let us denote it by χ̂D.
This means that χ̂D|K = χD.
The equalities (5) and (6) are the same for X and for Y . The first part of the proof,
applied to Y , yields that these equalities determine uniquely (ωD, χ̂D|(K̂)◦) for all D. But
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K◦ is contained in (K̂)◦, hence (ωD, χ̂D|K◦), which is equal to (ωD, χD|K◦), is uniquely
determined too. 
We end this section discussing the equalities (6) in case we include into the picture groups
that are not simply connected. These considerations will be useful in Sections 9 and 10.
Let then G0 be a quotient of G by a finite central subgroup. As before, let K be a
spherical subgroup of G, denote by K0 the image of K in G0, and let π : G/K → G0/K0
be the natural induced morphism.
6.5. Proposition. Suppose that Σ(G0/K0) ∩ 2S = ∅. Then D 7→ π(D) is a bijection
between ∆(G/K) and ∆(G0/K0) compatible with the Cartan pairing. Moreover, the equal-
ities (6) hold for σ varying in Σ(G0/K0); if one considers them as a system of equalities
in the unknowns χD taking values in X (K
◦)Q, then the system is equivalent to the one
where σ varies in Σ(G/K).
Proof. We consider G0/K0 naturally as a G-variety, i.e. as G/K˜ where K˜ is the inverse
image of K0 in G. Since K˜ normalizes K, by [20, Theorem 4.4 and Theorem 6.1] the
spherical roots of G0/K0 and G/K are the same, up to replacing some elements by
positive multiples. Moreover, if two corresponding spherical roots are different, then the
spherical root of G0/K0 is the double of the spherical root of G/K (see e.g. [36]), and we
conclude that Σ(G/K) ∩ S = Σ(G0/K0) ∩ S. Then, by the combinatorial description of
the set of colors of a spherical variety in [29, Section 2.3], we obtain the first assertion of
the proposition. The second assertion follows from the same considerations, because the
equalities (6) are linear in σ. 
7. On parabolic subgroups of spherical subgroups
Let H and P be spherical subgroups of G, such that P ⊆ H . In this section we prove
a sufficient combinatorial condition for P to be a parabolic subgroup of H . This will be
useful in the next sections. Set X = G/P and Y = G/H .
7.1. Proposition. Suppose |Σ(X)| = rkΞ(X) and |Σ(Y )| = rkΞ(Y ), and suppose that
for all proper subsets Σ′ ( Σ(X) we have
Σ(Y ) 6⊆ spanQ≥0 Σ
′.
Then P is a parabolic subgroup of H.
Proof. Since |Σ(X)| = rkΞ(X) and Σ(X) is linearly independent, the dual cone of
Q≥0Σ(X) in HomZ(Ξ(X),Q) is strictly convex. By [20, Theorem 3.1] there exists a
G-equivariant completion X of X (sometimes called the canonical completion) with a
single closed G-orbit, such that no color of X contains any G-orbit, and such that ρX(D)
generate the convex cone V(X), for D varying among the G-stable prime divisors of
X . Thanks to [22, Proposition 6.1], for all G-orbits Z of X different from X we have
Σ(Z) ( Σ(X).
The same results can be applied to Y , obtaining a G-equivariant completion Y with
similar properties. By [20, Theorem 4.1], the natural morphism ϕ : X → Y extends to a
G-equivariant morphism ϕ : X → Y . Then the fiber ϕ−1(eH) over the point eH ∈ Y ⊆ Y
is a completion of H/P .
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We claim that ϕ−1(eH) = H/P , which will conclude the proof because it implies that
H/P is a complete variety. To show the claim, we proceed by contradiction. Suppose
ϕ−1(eH) ) H/P , then there exists a G-orbit Z contained in X and different from X ,
such that ϕ(Z) = Y . For the morphism ϕ|Z : Z → Y , the equality (1) takes the form
spanQ≥0 Σ(Y ) =
(
spanQ≥0 Σ(Z)
)
∩
 ⋂
D∈∆ϕ|Z
ker ρZ(D)
 .
In particular Σ(Y ) ⊆ spanQ≥0 Σ(Z), contradicting our hypotheses and concluding the
proof. 
8. Preliminaries on the cases
In the next two sections we consider spherical homogeneous spaces of the form G/H ,
where G is semisimple simply connected and H is a connected reductive proper subgroup,
such that H has a proper parabolic subgroup P that is spherical in G. In other words
(G,H, P ) is a multiplicity free system. The choice of H in its conjugacy class is often
relevant for our computations and will be specified in each case.
We denote by α1, α2, . . . the simple roots of G, numbered as in Bourbaki. The corre-
sponding fundamental dominant weights will be denoted by ω1, ω2, . . .. For i ≤ j we set
αi,j = αi + . . .+ αj , and if i > j then we set αi,j = 0. For convenience in some formulae,
if G = SL(n) we also set ωn = 0.
If G ⊆ GL(n) is a classical group, it will be defined in such a way that B (resp. T ) can
be taken to be the set of upper triangular (resp. diagonal) matrices in G.
If G is the universal cover of a classical group, to simplify notations, we will implicitly
replace G with the classical group G0 and the subgroups H , P with their images H0,
P0 in G0. Thanks to Proposition 6.5, it will be enough to notice that no element of 2S
appears among the spherical roots of G0/P0, to assure that our computations carried out
for G0 are equivalent to those for G.
Unless otherwise stated, we denote by SH = {β1, β2, . . . , β
′
1, β
′
2, . . .} the simple roots of
H , grouped according to the various simple factors of H and numbered as in Bourbaki,
corresponding as in the introduction to a choice of a Borel subgroup BH and a maximal
torus TH ⊆ BH of H . We recall that we take BH ⊆ B and TH ⊆ T , and P containing
the opposite Borel subgroup B−H of BH with respect to TH .
We also fix a cover H˜ → H where H˜ is the product of a simply connected semisimple
group and a torus, we fix a maximal torus TH˜ and a Borel subgroup BH˜ mapping respec-
tively to TH and BH . Unless otherwise stated, we denote by ̟1, ̟2, . . . , ̟
′
1, ̟
′
2, . . . the
fundamental dominant weights of the semisimple factor of H˜, numbered as the simple
roots. We call them the fundamental weights of H .
We will often restrict characters of groups to subgrups, or extend them when possible to
characters of larger groups. To simplify notations, we will denote with the same symbol
the original character and the restriction or extension, if no confusion arises.
We denote by I the set of simple roots of H such that the Levi subgroup of P containing
TH has set of simple roots SH r I.
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It will also be possible to choose a parabolic subgroup Q of G, containing the Borel sub-
group B− opposite to B with respect to T , and minimal among the parabolic subgroups
of G containing a G-conjugate of P . This will enable us to apply the results of Section 6
to the subgroup P . As before, we will denote by LQ the Levi subgroup of Q containing
T . Notice that P is connected, therefore Theorem 6.4 yields the characters χD for all
D ∈ ∆(G/P ).
If J ⊆ S, then we will also use the notation QJ instead of simply Q, where QJ is the
parabolic subgroup of G containing B− and such that its Levi subgroup has simple roots
S r J .
If a simple root αi moves only one color, then the latter will be denoted by Di or Ei. If
αi moves two colors, they will be denoted by D
+
i and D
−
i , or by Di and Ei.
If it doesn’t create ambiguities, we will allow the abuse of notation of denoting in the
same way elements of the Weyl groups of reductive groups and a choice of representatives
in the normalizer of the chosen maximal torus.
Finally we record the following observations.
8.1. Remark. Let (G,H, P ) be a strictly indecomposable multiplicity free system and
let P op be opposite to P with respect to the maximal torus TH ⊆ H . Then (G,H, P
op)
is also a strictly indecomposable multiplicity free system and the generators of Γ˜(G/P )
are related to those of Γ˜(G/P op) by (ωD, χD)↔ (ω
∗
D, χ
∗
D) where ω
∗
D is the highest weight
of the dual of πGωD and χ
∗
D is the lowest weight of the dual representation of π
H
χD
.
8.2. Remark. Let (G,H, P1) and (G,H, P2) be multiplicity free systems with P1 ⊆ P2.
Then Γ˜(G/P2) is the subset of Γ˜(G/P1) of the couples (λ, ω) such that ω extends to
a weight of P2. For this reason, during the computations in Sections 9 and 10, some-
times we will only discuss those parabolic subgroups P ⊆ H that are minimal such that
(G,H, P ) is a multiplicity free system. We cannot just deal everywhere only with minimal
cases though, because some computations for non-minimal subgroups will be necessary
to complete computations for the minimal ones.
8.3. Remark. Let (G,H, P ) be a multiplicity free system, and let H˜ ⊆ H be a connected
reductive subgroup containing the commutator (H,H). In this case it is harmless to
assume that H is the product of H˜ and a subtorus T˜ of T . The root systems of H and K˜
are naturally identified, so that P corresponds to a parabolic subgroup P˜ of H˜ contained
in P and such that P˜ · T˜ = P . Suppose now that (G, H˜, P˜ ) is a multiplicity free system,
and notice that then the natural map G/P˜ → G/P induces a bijection between the
respective sets of colors, since T˜ ⊆ B. Proposition 5.2 implies that restriction of weights
from P to P˜ induces an isomorphism Γ˜(G/P )→ Γ˜(G/P˜ ).
9. Symmetric cases
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9.1. SL(2n)/Sp(2n) with n ≥ 2. We define Sp(2n) to be the stabilizer of the skew-
symmetric bilinear form given by the matrix
0 0 . . . 0 1
0 0 . . . 1 0
...
...
. . .
...
...
0 −1 . . . 0 0
−1 0 . . . 0 0

In this way BH = B ∩ Sp(2n) is a Borel subgroup of Sp(2n) and TH = T ∩ Sp(2n) ⊆ BH
is a maximal torus of Sp(2n) contained in BH . The simple roots of Sp(2n) are given by
βi(t) = tit
−1
i+1 with 1 ≤ i ≤ n− 1 and βn(t) = t
2
n, where t = (t1, . . . , tn, t
−1
n , . . . , t
−1
1 ) ∈ TH .
The groupH is simply connected, and the fundamental dominant weights̟1, . . . , ̟n have
the property that ̟i is the restriction of ωi and also of ω2n−i to TH , for all i ∈ {1, . . . , n}.
We have three possibilities for I:
(1) I = {β1} with any n ≥ 3,
(2) I = {β3} with n = 3,
(3) I = any subset of roots of H with n = 2.
9.1.1. I = {β1} with any n ≥ 3. The subgroup P appears in [7] as case 6. The parameter
“n” appearing in loc.cit. is equal here to 2n− 1. This gives
Σ(G/P ) = {α1 + α2, . . . , α2n−2 + α2n−1}
and ∆(G/P ) = {D1, . . . , D2n−1}, so that αi moves Di for all i ∈ {1, . . . , 2n− 1}, and the
Cartan pairing is given by ρ(Di) = α
∨
i |Ξ(G/P ).
We can take Q to be the parabolic subgroup such that LQ has simple roots α2, . . . , α2n−2.
Then Q is minimal for containing P and G/Q has two colors whose inverse images in
G/P are D1 and D2n−1. Since ω
P
1 = ω
P
2n−1 = ̟1 we have
χD1 = χD2n−1 = −̟1.
Using the Cartan pairing one deduces from equalities (6) of Lemma 6.1 the following
system of equations:
0 = −̟1 + χD2 − χD3
0 = ̟1 + χD2 + χD3 − χD4
0 = −χD2 + χD3 + χD4 − χD5
...
0 = −χD2n−5 + χD2n−4 + χD2n−3 − χD2n−2
0 = −χD2n−4 + χD2n−3 + χD2n−2 +̟1
0 = −χD2n−3 + χD2n−2 −̟1
from which we obtain
χD2 = . . . = χD2n−2 = 0,
χD1 = . . . = χD2n−1 = −̟1.
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9.1.2. I = {β3} with n = 3. The subgroup P appears in [7] as case 27, giving
Σ(G/P ) = S,
and ∆(G/P ) = {D+1 = D
+
3 = D
+
5 , D
−
1 = D
−
4 , D
+
2 , D
−
2 = D
−
5 , D
−
3 , D
+
4 }. We can take Q
such that only α3 is not a simple root of LQ. Then Q is minimal for containing P . The
inverse image in G/P of the unique color of G/Q is the unique color of G/P moved only
by α3, i.e. D
−
3 . Then
χD−
3
= −ωP3 = −̟3.
The Cartan pairing of G/P is
α1 α2 α3 α4 α5
D+1 1 −1 1 −1 1
D−1 1 0 −1 1 −1
D+2 0 1 0 0 −1
D−2 −1 1 −1 0 1
D−3 −1 0 1 0 −1
D+4 −1 0 0 1 0
which yields, thanks to the equalities (6) of Lemma 6.1,
χD+
1
= χD−
1
= χD−
2
= −̟3,
χD+
2
= χD+
4
= 0.
9.1.3. I = any subset of roots of H, n = 2. We discuss only the minimal case I =
{β1, β2}; the subgroup P corresponding to I = {β1} is found in [36] as the first case 5 in
Table A, and the one corresponding to I = {β2} is found in [36] as the second case 7 in
Table A.
We claim that the subgroup P = BH corresponding to I = SH has lattice Ξ(G/BH) =
X (TG), the following spherical roots
Σ(G/BH) = S
and colors ∆(G/BH) = {D
+
1 = D
+
3 , D1, D
+
2 , D
−
2 , D
−
3 } with Cartan pairing
α1 α2 α3
D+1 1 −1 1
D−1 1 0 −1
D+2 0 1 0
D−2 −1 1 −1
D−3 −1 0 1
To prove this, we recall that G/H has one spherical root 1
2
(α1+2α2+α3), which generates
Ξ(G/H), and one color D′2 with valuation coinciding with α
∨
2 on the lattice of G/H
(see [36], case 5A in Table 1). Using Corollary 4.8 and Proposition 7.1 one checks that
a subgroup P corresponding to the above data is indeed conjugated in G to a parabolic
subgroup of H , so we may assume P ⊇ BH . Formula (8) assures that its character group
has rank 2, hence P = BH .
The subset of colors {D+1 , D
+
2 } is the only one that corresponds to a G-equivariant mor-
phism G/BH → G/BG, therefore it corresponds to the inclusion BH ⊆ BG, and the colors
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D−1 , D
−
2 , D
−
3 are the inverse images of the three colors of G/BG. We conclude
χD−
1
= −ωBH1 = −̟1,
χD−
2
= −ωBH2 = −̟2,
χD−
3
= −ωBH3 = −̟1,
The equalities (6) of Lemma 6.1 yield
χD+
1
= −̟2,
χD+
2
= 0.
9.2. SL(p+q+2)/S(L(p+1)×L(q+1)) with p+q ≥ 1 and 0 ≤ p ≤ q. Set n = p+q+1.
We take the subgroup H to be the matrices with blocks on the diagonal of sizes resp.
p + 1 and q + 1, and zeros elsewhere. In this way BH = B ∩ H is a Borel subgroup of
H with maximal torus TH = T . The simple roots of H are βi = αi for 1 ≤ i ≤ p and
β ′j = βp+1+j = αp+1+j for 1 ≤ j ≤ q. We set ̟i = ωi for 1 ≤ i ≤ n, and ̟n+1 = 0. Then
the ̟i’s are the fundamental weights of H , except for ̟n+1, and also except for ̟p+1,
which is the restriction to T of a generator of the character group of H . The dominant
integral weights of H are of the form
∑n
k=1 bkωk with bi ∈ Z≥0 for all i except for bp+1 ∈ Z.
We have the following possibilities for I:
(1) I = {β1} with p = 1 ≤ q.
(2) I = {β1} with 2 ≤ p ≤ q.
(3) I = {βp} with 2 ≤ p ≤ q.
(4) I = {β ′1} with 1 ≤ p < q.
(5) I = {β ′q} with 1 ≤ p < q.
(6) I = {β ′i} with p = 1, q ≥ 3 and i ∈ {2, . . . , q − 1}.
(7) I= any subset of simple roots of H , with p = 0.
9.2.1. I = {β1} with p = 1 ≤ q, i.e. n = q + 2. The subgroup P is conjugated to the
subgroup P˜ that appears in [7] as case 9; the parameter “p” of loc.cit. is equal here to q.
We have gPg−1 = P˜ with g = wG0 s1, where w
G
0 ∈ WG is the longest element.
We have
Σ(G/P ) = {α1, α2,q+1, αq+2}
and ∆(G/P ) = {D+1 = D
+
q+2, D
−
1 , D2, Eq+1, D
−
q+2} with Cartan pairing
α1 α2,q+1 αq+2
D+1 1 −1 1
D−1 1 0 −1
D2 −1 1 0
Eq+1 0 1 −1
D−q+2 −1 0 1
We can take Q so that only α1 and α2 are not roots of LQ, and the subset of colors
corresponding to the inclusion P ⊆ Q is {D+1 , Eq+1, D
−
q+2}. This is obvious if q > 1,
just by looking at which color is moved by which simple root. If q = 1 the only other
possibility {D+1 , D2, D
−
q+2} is excluded because it is not distinguished.
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So the inverse images of the colors of G/Q are D−1 and D2, which yields
χD−
1
= −ωP1 = −̟1,
χD2 = −ω
P
2 = −̟2.
The equalities (6) of Lemma 6.1 yield
χD+
1
= 0,
χEq+1 = ̟2,
χD−q+2 = ̟2 −̟1.
9.2.2. I = {β1} or I = {βp} with 2 ≤ p ≤ q. In view of Remark 8.1 it is enough to
consider only case (3). The subgroup P is conjugated to the subgroup P˜ that appears
in [7] as case 11. The parameters “p” and “q” of loc.cit. are equal here respectively to p
and q + 1− p. We have gPg−1 = P˜ with g = wG0 w
H
0 .
The set of spherical roots and the set of colors are given by
Σ(G/P ) = {α1, . . . , αp, αp+1,q+1, αq+2, . . . , αn},
∆(G/P ) = {D+1 = D
+
n , D
+
2 = D
+
n−1, . . . , D
+
p = D
+
q+2,
D−1 = D
−
n−1, . . . , D
−
p−1 = D
−
q+2, D
−
p , D
−
n ,
Dp+1, Eq+1}.
The Cartan pairing is given by the following matrix:
α1 α2 α3 α4 . . . αp−1 αp αp+1,q+1 αq+2 αq+3 . . . αp+q−1 αp+q αp+q+1
D+1 1 0 0 0 . . . 0 0 0 0 0 . . . 0 −1 1
D−1 1 −1 0 0 . . . 0 0 0 0 0 . . . 0 1 −1
D+2 −1 1 0 0 . . . 0 0 0 0 0 . . . −1 1 0
D−2 0 1 −1 0 . . . 0 0 0 0 0 . . . 1 −1 0
D+3 0 −1 1 0 . . . 0 0 0 0 0 . . . 1 0 0
D−3 0 0 1 −1 . . . 0 0 0 0 0 . . . −1 0 0
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
D+p−1 0 0 0 0 . . . 1 0 0 −1 1 . . . 0 0 0
D−p−1 0 0 0 0 . . . 1 −1 0 1 −1 . . . 0 0 0
D+p 0 0 0 0 . . . −1 1 −1 1 0 . . . 0 0 0
D−p 0 0 0 0 . . . 0 1 0 −1 0 . . . 0 0 0
Dp+1 0 0 0 0 . . . 0 −1 1 0 0 . . . 0 0 0
Eq+1 0 0 0 0 . . . 0 0 1 −1 0 . . . 0 0 0
D−n −1 0 0 0 . . . 0 0 0 0 0 . . . 0 0 1
We can take Q so that only αp and αp+1 are not simple roots of LQ. Then Q is minimal
parabolic containing P . The inverse images in G/P of the two colors of G/Q are D−p and
Dp+1. This is obvious if p < q, since these are the only colors of G/P that are moved only
by resp. αp and αp+1. If p = q, then one excludes the other possibility, namely D
−
p and
Ep+1, checking that the set ∆(G/P )r {D
−
p , Ep+1} is not parabolic. This can be seen by
looking just at the two spherical roots αp+1 and αp: the first implies ap+1 > a
+
p (where
a
(±)
i is the coefficient of D
(±)
i in a linear combination that is positive on all spherical roots)
while the second implies a+p − ap+1 − a
−
p−1 > 0, but this yields a contradiction. Therefore
χD−p = −ω
P
p = −̟p,
χDp+1 = −ω
P
p+1 = −̟p+1.
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We obtain
χD−
1
= χD−
2
= . . . = χD−p−1 = χD
−
n
= −̟p +̟p+1,
χD+
1
= χD+
2
= . . . = χD+p = 0,
χEq+1 = ̟p+1,
which is easily checked to satisfy equalities (6) of Lemma 6.1.
9.2.3. I = {β ′1} or I = {β
′
q} with 1 ≤ p < q. In view of Remark 8.1 it is enough to
consider only case (4). The subgroup P is conjugated to the subgroup P˜ that appears in
[7] as case 12, the parameters “p” and “q” of loc.cit. are equal here respectively to p+ 1
and q− p. We have gPg−1 = P˜ with g = wG0 w
H
0 , where w
G
0 ∈ WG and w
H
0 ∈ WH are the
longest Weyl group elements.
This gives
Σ(G/P ) = {α1, . . . , αp+1, αp+2,q+1, αq+2, . . . , αn}
and
∆(G/P ) = {D+1 , D
+
2 = D
+
n , . . . , D
+
p+1 = D
+
q+2,
D−1 = D
−
n , . . . , D
−
p = D
−
q+2, D
−
p+1,
Dp+2, Eq+1}.
The Cartan pairing is
α1 α2 α3 α4 . . . αp αp+1 αp+2,q+1 αq+2 αq+3 . . . αp+q−1 αp+q αp+q+1
D+1 1 0 0 0 . . . 0 0 0 0 0 . . . 0 0 −1
D−1 1 −1 0 0 . . . 0 0 0 0 0 . . . 0 0 1
D+2 −1 1 0 0 . . . 0 0 0 0 0 . . . 0 −1 1
D−2 0 1 −1 0 . . . 0 0 0 0 0 . . . 0 1 −1
D+3 0 −1 1 0 . . . 0 0 0 0 0 . . . −1 1 0
D−3 0 0 1 −1 . . . 0 0 0 0 0 . . . 1 −1 0
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
D+p 0 0 0 0 . . . 1 0 0 −1 1 . . . 0 0 0
D−p 0 0 0 0 . . . 1 −1 0 1 −1 . . . 0 0 0
D+p+1 0 0 0 0 . . . −1 1 −1 1 0 . . . 0 0 0
D−p+1 0 0 0 0 . . . 0 1 0 −1 0 . . . 0 0 0
Dp+2 0 0 0 0 . . . 0 −1 1 0 0 . . . 0 0 0
Eq+1 0 0 0 0 . . . 0 0 1 −1 0 . . . 0 0 0
We can take Q so that only αp+1 and αp+2 are not simple roots of LQ. The inverse images
in G/P of the two colors of G/Q are D−p+1 and Dp+2 (if q = 1 the other possibility D
+
p+1
and Eq+1 is excluded as before). Therefore
χD−p+1 = −ω
P
p+1 = −̟p+1,
χDp+2 = −ω
P
p+2 = −̟p+2.
We obtain
χD−
1
= χD−
2
= . . . = χD−p = 0,
χD+
1
= χD+
2
= . . . = χD+p+1 = ̟p+1 −̟p+2,
χEq+1 = ̟p+1.
which is easily checked to satisfy equalities (6) of Lemma 6.1.
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9.2.4. I = {β ′i} with p = 1, q ≥ 3, i ∈ {2, . . . , q − 1}. A conjugate P˜ of P appears as
case 7 of [7]; the parameters “p” and “q” of loc.cit. are equal here respectively to i − 1
and q− i. Denoting by H˜ = S(L(i+2)×L(q+1− i)) and by g = wH˜0 the longest element
of its Weyl group, then P˜ = gPg−1. This yields
Σ(G/P ) = {α1, α2,i, αi+1, αi+2,n−1, αn}
and
∆(G/P ) = {D+1 = D
+
i+1, D
−
1 = D
+
n , D2, Ei, D
−
i+1 = D
−
n , Di+2, En−1},
with Cartan pairing
α1 α2,i αi+1 αi+2,n−1 αn
D+1 1 −1 1 0 −1
D−1 1 0 −1 0 1
D2 −1 1 0 0 0
Ei 0 1 −1 0 0
D−i+1 −1 0 1 −1 1
Di+2 0 0 −1 1 0
En−1 0 0 0 1 −1
We can take Q so that only α2 and αi+2 are not simple roots of LQ, and the inverse
images in G/P of the two colors of G/Q are D2 and Di+2. This is shown easily if i > 2
or if i < q − 1, as above: one excludes the other possibilities by looking at which color is
moved by which simple root. Let us postpone the discussion of the case i = 2 = q − 1.
This yields
χD2 = −ω
P
2 = −̟2,
χDi+2 = −ω
P
i+2 = −̟i+2
which implies
χEi = χD−i+1 = ̟2 −̟i+2,
χD+
1
= −̟i+2,
χD−
1
= 0,
χEn−1 = ̟2.
If i = 2 = q−1, the computation above is the same, but there is another possible parabolic
subset of colors, namely {E2, E4}. It does correspond to a G-equivariant morphism
G/P → G/Q, which is not the one induced by the inclusion P ⊆ Q. It is rather obtained
from the latter by twisting it with a G-equivariant automorphism of G/P . However, it
is not necessary to prove these claims: for us, it is enough to notice that the resulting
generators of the extended weight monoid of G/P turn up to be the same (except for the
“labeling” with the colors), as the reader may easily check, if one takes E2 and E4 instead
of our choice D2 and Di+2.
9.2.5. p = 0 and I = any subset of simple roots of H. If I = SH then P = B
−
H : the
spherical roots, the colors, the Cartan pairing, and also the extended weight monoid of
G/P were computed in this case in [4]. Thanks to Remark 8.2, the other cases of the
subset I follow from this one. However, for completeness, let us recompute the extended
weight monoid of G/B−H in a direct manner and see how the other cases of I can be
derived from our computation.
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We do this by finding global equations in G of the pull-back of the colors of G/B−H . For
this task it is more convenient to first replace G with GL(n+ 1), and replace the groups
B and B−H with their inverse images in GL(n+ 1).
Consider the regular functions ai, bi ∈ C[GL(n+ 1)], for i ∈ {1, . . . , n} defined as follows.
For g ∈ GL(n + 1), we set ai(g) to be the determinant of the lower right minor of size
n + 1 − i, and we set bi(g) to be the determinant of the minor of g obtained by taking
the last n+ 1− i rows, the first column and the last n− i columns.
The functions ai and bi are left B-semiinvariant and right B
−
H-semiinvariant, and they
are given by irreducible polynomials. Their zero sets are moved only by αi. Therefore
the images of their zero sets in G/B−H , denoted resp. by D
+
i and D
−
i , are the two colors
moved by αi. Since no other colors can be moved by any simple root of G, we conclude
∆(G/B−H) = {D
+
1 , D
−
1 , . . . , D
+
n , D
−
n }.
We get back to G = SL(n+ 1), where one easily deduces
χD+i = −ω
B−H
i = −̟i
and
χD−i
= ω
B−H
1 − ω
B−H
i+1 = ̟1 −̟i+1
for all i.
We can now compute the extended weight monoid of G/P , with P corresponding to any
I as above: it is enough to determine which colors of G/B−H are mapped to colors of
G/P under the natural map G/B−H → G/P (i.e. are not mapped dominantly), which is
elementary to accomplish given the global equations on G we have given.
We obtain that D+1 is mapped to a color of G/P , and for i ∈ {2, . . . , n} the color D
+
i is
mapped to a color of G/P if and only if βi−1 ∈ I. Moreover D
−
n is mapped to a color of
G/P , and for i ∈ {1, . . . , n− 1} the color D−i is mapped to a color of G/P if and only if
βi ∈ I.
9.3. SO(2n+ 2)/(SO(2n)× SO(2)) with n ≥ 3. The subgroup H is a Levi subgroup of
the parabolic subgroup of G obtained by omitting the first simple root α1 of G. Notice
that TH = TG. The simple roots of H are given by βi = αi+1 for 1 ≤ i ≤ n and the
fundamental weights satisfy ̟i = ωi+1, for i ∈ {1, . . . , n}. In addition, we set ̟0 = ω1,
which is the restriction to TH of a generator of the character group of H .
We have the following possibilities for I:
(1) I = {βn−1},
(2) I = {βn}.
The subgroup P of case (1) is obtained by applying the outer automorphism of G that
interchanges αn and αn+1 to the subgroup P of case (2). For this reason we only discuss
case (2), and we notice that the corresponding P appears as case 53 of [7], with “n” in
loc.cit. having the same meaning as here.
This yields
Σ(G/P ) = {α1, σ1 = α2,n, σ2 = α2,n−1 + αn+1}
and
∆(G/P ) = {D+1 , D
−
1 , D2, Dn, Dn+1},
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with Cartan pairing
α1 σ1 σ2
D+1 1 −1 0
D−1 1 0 −1
D2 −1 1 1
Dn 0 1 −1
Dn+1 0 −1 1
We can take Q to be such that only α1 and αn+1 are not simple roots of LQ. Then Q
is minimal for containing P . The colors of G/P mapping not dominantly to G/Q are
Dn+1 and either D
+
1 or D
−
1 . Since {D
+
1 , D2, Dn+1} is not a parabolic subset of colors, we
conclude that D−1 is mapped not dominantly to G/Q.
This, and equalities (6) of Lemma 6.1, yield
χD+
1
= ̟0,
χD−
1
= −ωP1 = −̟0,
χD2 = 0,
χDn = ̟0 −̟n,
χDn+1 = −ω
P
n+1 = −̟n.
9.4. SO(2n + 1)/SO(2n) with n ≥ 3. Here I is any subset of simple roots of H . We
discuss the case P = B−H , and deal with the general case using Remark 8.2.
It is useful to define G = SO(2n+ 1) to be the stabilizer of the symmetric bilinear form
given by (ei, e2n−j+2) = δi,j for all i, j ∈ {1, . . . , 2n + 1}, where (e1, . . . , e2n+1) is the
standard basis of C2n+1. We take H = SO(2n) to be the stabilizer in G of en+1. We
recall that, with this choice, the subgroups B, T , BH , B
−
H , and TH = T can be taken
as in Section 8. We have α1 = β1,. . ., αn−1 = βn−1, αn−1 + 2αn = βn, and ω1 = ̟1,. . .,
ωn−2 = ̟n−2, ωn−1 = ̟n−1 +̟n, ωn = ̟n.
The case P = B−H belongs again to the class of subgroups studied in [4]. Here, for
convenience, we determine the extended weight monoid of G/P more directly, by finding
global equations on G of its colors.
For i ∈ {1, . . . , n− 1}, set h = 2n+ 1− i and let fi(A) be the determinant of the h× h-
minor in the lower right corner of the matrix A ∈ G. Then fi ∈ C[G] is B-semiinvariant
for the left translation and B−-semiinvariant for the right translation on G, and the B-
weight is the i-th fundamental dominant weight. It follows that fi is a global equation of
the (pull-back on G of the) color Di of G/B
− moved by αi. One defines similarly fn and
Dn, and for the same reason the pull-back of fn to Spin(2n+ 1) is the square of a global
equation for Dn.
The pull-back of these colors from G/B− to G/B−H via the inclusion B
−
H ⊆ B
− produces n
colors of G/B−H , denoted by D
+
1 , . . . , D
+
n , where for all i the color D
+
i is moved exactly by
αi. Their B-weights are evidently the fundamental dominant weights, and the B−-weights
are the opposites. To summarize, we have
χD+i
= −ω
B−H
i ∀i ∈ {1, . . . , n}
i.e.
χD+i
= −̟i ∀i ∈ {1, . . . , n− 2, n},
χD+n−1 = −̟n−1 −̟n
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We claim that G/B−H has other n colors D
−
1 , . . . , D
−
n . For j ∈ {1, . . . , n}, set k = 2n+1−j
and denote by Fj(A) the determinant of the k× k-minor involving the last k rows of the
matrix A ∈ G and the columns j through n and n + 2 through 2n + 1. The function
Fj ∈ C[G] is B-semiinvariant under left translation and B
−
H-semiinvariant under right
translation. If j < n then its B-weight is ωj, and the B-weight of Fn is 2ωn.
From Lemma 5.3, it follows that F1, . . . , Fn−1 are global equations of n − 1 colors
D−1 , . . . , D
−
n−1 of G/B
−
H , where D
−
j is moved exactly by αj . Since a simple root can
move up to 2 colors, there is at most one other color in G/B−H , and in this case it is
moved by αn. The divisor of the function Fn has irreducible components that are colors
moved only by αn, and it does not coincide (as a set) with D
+
n . So the additional color
moved by αn exists and Fn vanishes on it, let us denote it by D
−
n . Given the B-weight
of Fn, its divisor is either D
+
n +D
−
n or 2D
−
n . The second possibility is excluded because
the B−H-weight of Fn is not divisible by 2.
This yields
χD−
1
= 0,
χD−i = −ω
B−H
i−1 ∀i ∈ {2, . . . , n− 1},
χD−n = −ω
B−H
n−1 + ω
B−H
n .
i.e.
χD−
1
= 0,
χD−i
= −̟i−1 ∀i ∈ {2, . . . , n}.
Since B−H is minimal among parabolic subgroups of H , we may skip the other possibilities
for P (see Remark 8.2).
9.5. SO(2n+2)/SO(2n+1) with n ≥ 3. Here I is any subset of simple roots of H . We
discuss the case P = B−H , and deal with the general case using Remark 8.2.
It is useful to define G = SO(2n+ 2) to be the stabilizer of the symmetric bilinear form
given by (ei, e2n−j+3) = δi,j for all i, j ∈ {1, . . . , 2n + 2}, where (e1, . . . , e2n+2) is the
standard basis of C2n+2. We take H = SO(2n+1) to be the stabilizer in G of en+1−en+2.
We recall that, with this choice, the subgroups B, T , BH , B
−
H , and TH can be taken as in
Section 8. The simple roots of G are α1 = ε1 − ε2, . . . , αn = εn − εn+1, αn+1 = εn + εn+1,
where εi is the character of T given by taking the i-th entry on the diagonal. We have
αi|TH = βi and ωi|TH = ̟i for all i ∈ {1, . . . , n}, and αn+1|TH = βn, ωn+1|TH = ̟n, since
εn+1 is trivial on TH .
To discuss the case P = B−H we use the results on the extended weight monoid in [4].
Following loc.cit., the first step is to compute the active roots of B−H , i.e. the positive
roots α of G such that the root space g−α of the Lie algebra g of G is not contained in
the Lie algebra of B−H . It is elementary to compute the active roots in this case, and they
are
αn, αn+1,
αn−1 + αn, αn−1 + αn+1,
αn−2 + αn−1 + αn, αn−2 + αn−1 + αn+1,
...
...
α1 + α2 + . . .+ αn−1 + αn, α1 + α2 + . . .+ αn−1 + αn+1.
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Notice that active roots on the same line in the above list have the same restriction to TH .
Denote by τ the restriction of characters from T to TH , and set ϕi = τ(αi+. . .+αn). Then
we observe that τ(αi) = ϕi − ϕi+1 for all i ∈ {1, . . . , n− 1}, and τ(αn) = τ(αn+1) = ϕn.
By the results of loc.cit., we have the following:
Σ(G/B−H) = S
and
∆(G/B−H) =
{
D+i , D
−
i | i ∈ {1, . . . , n+ 1}
}
where D−n = D
−
n+1. The Cartan pairing is as follows (all the other values that are not
explicitly given are zero):
(1) 〈ρ(D+1 ), α1〉 = 〈ρ(D
−
1 ), α1〉 = 1, and 〈ρ(D
+
1 ), α2〉 = −1;
(2) for all i ∈ {2, . . . n−2} we have 〈ρ(D+i ), αi〉 = 〈ρ(D
−
i ), αi〉 = 1, and 〈ρ(D
+
i ), αi+1〉 =
〈ρ(D−i ), αi−1〉 − 1;
(3) we have
αn−2 αn−1 αn αn+1
D+n−1 0 1 −1 −1
D−n−1 −1 1 0 0
D+n 0 0 1 −1
D−n 0 −1 1 1
D+n+1 0 0 −1 1
Again using loc.cit., or applying our usual method, we obtain
χD+i
= −ω
B−H
i ∀i ∈ {1, . . . , n+ 1},
χD−
1
= 0,
χD−j
= −ω
B−H
j−1 ∀j ∈ {2, . . . , n}.
which we can rewrite as
χD+i
= −̟i ∀i ∈ {1, . . . , n},
χD+n+1 = −̟n,
χD−
1
= 0,
χD−j = −̟j−1 ∀j ∈ {2, . . . , n}.
Since B−H is minimal among parabolic subgroups of H , we may skip the other possibilities
for P (see Remark 8.2).
9.6. SO(2n + 2)/GL(n + 1) with n ≥ 3. The subgroup H is a Levi subgroup of the
parabolic subgroup of G by omitting the one but last root αn of G. We have the following
possibilities for I:
(1) I = {β1},
(2) I = {βn}.
The two cases are related by the observation in Remark 8.1. For this reason we only
discuss case (1), and we notice that a conjugate of the corresponding P appears as case
55 of [7]: an element conjugating one subgroup to the other is the longest element of the
Weyl group of the Levi subgroup of G having all simple roots of G except for α1.
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We denote as usual by ̟1, . . . , ̟n the fundamental weights of H . Noticing that T = TH ,
we have ̟i = ωi for all i ∈ {1, . . . , n− 1}, and ̟n = ωn + ωn+1. We also have
1
2
̟n+1 =
ωn+1, whose double is a generator of the character group of H . This yields
Σ(G/P ) = {α1 + α2, α2 + α3, . . . , αn−1 + αn, αn+1}
and
∆(G/P ) = {D1, . . . , Dn, D
+
n+1, D
−
n+1},
with Cartan pairing
α1 + α2 α2 + α3 α3 + α4 α4 + α5 . . . αn−3 + αn−2 αn−2 + αn−1 αn−1 + αn αn+1
D1 1 −1 0 0 . . . 0 0 0 0
D2 1 1 −1 0 . . . 0 0 0 0
D3 −1 1 1 −1 . . . 0 0 0 0
.
.
.
Dn−2 0 0 0 0 . . . 1 1 −1 0
Dn−1 0 0 0 0 . . . −1 1 1 −1
Dn 0 0 0 . . . 0 −1 1 0
D+n+1 0 0 0 0 . . . 0 0 −1 1
D−n+1 0 0 0 0 . . . 0 −1 0 1
We can take Q to be such that only α1 and αn+1 are not simple roots of LQ. Then Q is
minimal containing P . The colors of G/P mapping not dominantly to G/Q are D1 and
either D+n+1 or D
−
n+1. We claim that D
−
n+1 is not mapped dominantly.
To prove the claim, we distinguish the two cases of n even and n odd.
If n is even, we consider the natural projection G/P → G/H . The homogeneous space
G/H appears as case 16 of [9], where the index “p” of loc.cit. is equal here to n+1. From
loc.cit. we see that G/H has a unique color D˜n+1 moved by αn+1, and it takes value −1
on the spherical root αn−3 + 2αn−2 + αn−1 of G/H . We deduce that the inverse image of
D˜n+1 in G/P is D
−
n+1.
In order to apply this fact to the morphism G/P → G/Q, we consider the parabolic
subgroup Q0 of G containing B
− and with Levi subgroup containing T having all simple
roots of G except for αn+1. Then Q0 contains H , and G/Q0 has a unique color moved by
αn+1. The diagram
G/P → G/H
↓ ↓
G/Q → G/Q0
commutes, where the maps are all induced by the inclusions of the respective subgroups.
Denote by En+1 the color of G/Q moved by αn+1.
Since the unique color of G/Q0 has inverse image D˜n+1 in G/H and En+1 in G/Q, it
follows that the inverse images in G/P of D˜n+1 and of En+1 coincide. In other words
D−n+1 is mapped to En+1, whence our claim.
We discuss now the case n odd. We use a similar argument, but with another subgroup
K ⊆ G instead of H . Namely, we consider K = Qu1LQ, where Q1 is the parabolic
subgroup of G containing B− and with Levi subgroup containing T having all simple
roots of G except for α1. Notice that Q1 ⊃ Q, hence Q
u
1 ⊆ Q
u and LQ1 ⊃ LQ.
Our choice implies that G/K is the parabolic induction of the homogeneous space LQ1/LQ
by means of the parabolic subgroup Q1 of G. For details on parabolic induction we refer
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to [29, Section 3.4]. Notice that LQ1/LQ is isomorphic to PSO(2n)/PGL(n), and it is
identified with the subset Q1/K of G/K.
The consequence is that G/K has the same spherical roots as LQ1/LQ, and the colors of
G/K that are moved by simple roots of LQ1 correspond bijectively (via the assignment
D 7→ D∩ (Q1/K)) to the colors of LQ1/LQ, in such a way to preserve the Cartan pairing
and the property for a color to be moved by a simple root.
The homogeneous space PSO(2n)/PGL(n) appears in [9], as case 16 if n ≥ 5 (with p
of loc.cit. being equal to n), and as case 3 (with p and q loc.cit. being equal to resp. 1
and 3) if n = 3. In both cases, taking into account its isomorphism with LQ1/LQ, the
simple root αn+1 moves only one color, which takes the value 1 on the spherical root
αn−1 + αn + αn+1.
We conclude that G/K has only one color D˜n+1 moved by αn+1, and it takes value 1 on
αn−1 + αn + αn+1. This enables us to conclude the above claim, using the diagram
G/P → G/K
↓ ↓
G/Q → G/Q1
and by reasoning exactly as in the case n even.
The claim, and equalities (6) of Lemma 6.1, yield
χD1 = χD3 = . . . = χDn−1 = −ω
P
1 = −̟1,
χD2 = χD4 = . . . = χDn−2 = 0,
χDn = ω
P
n+1 =
1
2
̟n+1,
χD−n+1 = −ω
P
n+1 = −
1
2
̟n+1,
χD+n+1 = ω
P
n+1 − ω
P
1 =
1
2
̟n+1 −̟1
if n is even, and
χD1 = χD3 = . . . = χDn−2 = −ω
P
1 = −̟1,
χD2 = χD4 = . . . = χDn−1 = 0,
χDn = ω
P
n+1 − ω
P
1 =
1
2
̟n+1 −̟1,
χD−n+1 = −ω
P
n+1 = −
1
2
̟n+1,
χD+n+1 = ω
P
n+1 =
1
2
̟n+1.
if n is odd.
9.7. Sp(2p+ 2q)/(Sp(2p)× Sp(2q)) with 1 ≤ p, 1 ≤ q. Set m = min{p, q}. Notice that
in the paper [16] the assumption p ≤ q is made, while here we drop it for convenience in
the notations.
We define the subgroup H as the stabilizer of the subspace generated by the first p and
the last p vectors of the canonical basis of C2p+2q. With this choice, the simple roots of H
are βi = αi for i ∈ {1, . . . , p− 1}, βp = 2αp,p+q−1+αp+q, and β
′
j = αp+j for j ∈ {1, . . . , q}.
We also have ̟i = ωi for all i ∈ {1, . . . , p}, and ̟
′
j +̟p = ωj+p for all j ∈ {1, . . . , q}.
It is useful to recall the spherical roots of G/H , taken from [9, Symmetric case number
10]:
Σ(G/H) = {α1 + 2α2 + α3, α3 + 2α4 + α5, . . . , α2m−3 + 2α2m−2 + α2m−1,
α2m−1 + 2α2m + . . .+ 2αn−1 + αn}.
28
We have the following possibilities for the set I.
(1) I = {β1},
(2) I = {βp} assuming p ≥ 2, and we have p ≤ 3 or q ≤ 2,
(3) I = {βi} for all i ∈ {2, . . . , p− 1}, with p ≥ 3 and q = 1,
(4) I = {β1, β2} with p = 2 and q ≥ 2,
(5) I = {βi, βj} for any i, j ∈ {1, . . . , p} such that i < j, with p ≥ 2 and q = 1,
(6) I = {β1, β
′
i} for any i ∈ {1, . . . , q}, with p = 1.
It is useful to distinguish in our notations the different subgroups P arising in each case.
For this reason, we denote them by P1, . . . , P6. If required by the context, we will also
add to our notation the indices i, j appearing in the above list, writing e.g. P3(i) and
P5(i, j) instead of simply P3 and P5.
Moreover, while discussing each case, we will introduce the usual parabolic subgroup Q,
the Levi subgroup L of P containing T , and also another auxiliary subgroup K of G. As
for P , we denote them resp. by Q1, . . . , Q6, L1, . . . , L6, and K1, . . . , K6.
For i ∈ {1, . . . , 6}, let us choose a parabolic subgroup Qi minimal containing B− and Pi.
We only specify which simple roots are not simple roots of LQi:
- α1 for Q1,
- αp for Q2,
- αi for Q3,
- α1 and α2 for Q4,
- αi and αj for Q5,
- α1 and αi+1 for Q6,
It is elementary to check that, for all i, the subgroup Li is a very reductive subgroup of
LQi. This implies that Qi is a minimal parabolic subgroup of G containing Pi.
We discuss now the single cases.
9.7.1. I = {β1}. We claim that the spherical roots and the colors of G/P1 are as follows.
If p > q (notice that then 2q < p+ q), we have
Σ(G/P1) = {α1 + α2, α2 + α3, . . . , α2q−2 + α2q−1, α2q−1 + α2q,
α2q + 2α2q+1,p+q−1 + αp+q}
and
∆(G/P1) = {D1, D2, . . . , D2q+1}
with Cartan pairing ρ(Di) = α
∨
i |Ξ(G/P1)
for all i.
If instead p ≤ q (and then 2p− 1 < p+ q), we have
Σ(G/P1) = {α1 + α2, α2 + α3, . . . , α2p−2 + α2p−1, α2p−1 + 2α2p,p+q−1 + αp+q}.
and
∆(G/P1) = {D1, D2, . . . , D2p}
with Cartan pairing ρ(Di) = α
∨
i |Ξ(G/P1)
for all i.
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To prove the claim, let us denote resp. by Σ and ∆ the sets at the right hand side
of the above equalities. By the classification of spherical homogeneous spaces, there
exists a spherical homogeneous space G/K1 such that Σ = Σ(G/K1), ∆ = ∆(G/K1),
ZΣ = Ξ(G/K1), and the Cartan pairing is as specified. By Corollary 4.8, the subgroup
K1 is conjugated in G to a subgroup of H , so we may assume K1 ⊆ H .
It is elementary to check the hypotheses of Proposition 7.1 in this case, and conclude that
K1 is a parabolic subgroup of H . Also, one checks that it is a maximal proper subgroup
of H , again by Corollary 4.8. Hence K1 must be conjugated in G to P1, P2, or P3 which
are the maximal proper subgroups of H in our list.
One checks that there is no parabolic subset of ∆ that could correspond to a G-equivariant
morphism G/K1 → G/Q2 nor to a G-equivariant morphism G/K1 → G/Q3. Hence K1
is conjugated to P1 in G.
There is only one color of G/P1 mapping not dominantly to G/Q1, namely D1, yielding
χD1 = −ω
P1
1 = −̟1.
The equalities (6) of Lemma 6.1 yield
χD2 = χD4 = . . . = χD2q = 0,
χD3 = χD5 = . . . = χD2q+1 = −̟1.
if p > q, and
χD2 = χD4 = . . . = χD2p = 0,
χD3 = χD5 = . . . = χD2p−1 = −̟1.
if p ≤ q.
9.7.2. I = {βp} assuming p ≥ 2, and we have p ≤ 3 or q ≤ 2. We claim that G/P has
spherical roots and colors as described below, where all possible values of p and q are
discussed. In each case, the proof of this claim goes as before: the objects we indicate
correspond in each case to a maximal proper parabolic subgroup of H , and there is no
G-equivariant morphism from the homogeneous space to G/Q1 or to G/Q3. The claim
follows.
For p = 3 and q ≥ 3:
Σ(G/P2) = {α1, . . . , α5, σ = α5 + 2α6,q+2 + αq+3}
and
∆(G/P2) = {D
+
1 = D
+
4 , D
−
1 = D
−
3 = D
−
5 , D
+
2 = D
+
5 , D
−
2 , D
+
3 , D
−
4 , D6}
with Cartan pairing
α1 α2 α3 α4 α5 σ
D+1 1 0 −1 1 −1 0
D−1 1 −1 1 −1 1 0
D+2 −1 1 −1 0 1 0
D−2 0 1 0 0 −1 0
D+3 −1 0 1 0 −1 0
D−4 −1 0 0 1 0 −1
D6 0 0 0 0 −1 1
There is only one color of G/P2 mapping not dominantly to G/Q2, namely D
+
3 , yielding
χD+
3
= −ω
P2
3 = −̟3.
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The equalities (6) of Lemma 6.1 yield
χD+
1
= χD−
1
= χD+
2
= −̟3,
χD−
2
= χD−
4
= χD6 = 0.
For p = 3 and q = 2 we have
Σ(G/P2) = S
and
∆(G/P2) = {D
+
1 = D
+
4 , D
−
1 = D
−
3 = D
−
5 , D
+
2 = D
+
5 , D
−
2 , D
+
3 , D
−
4 }
with Cartan pairing
α1 α2 α3 α4 α5
D+1 1 0 −1 1 −1
D−1 1 −1 1 −1 1
D+2 −1 1 −1 0 1
D−2 0 1 0 0 −1
D+3 −1 0 1 0 −1
D−4 −1 0 0 1 −1
There is only one color of G/P2 mapping not dominantly to G/Q2, namely D
+
3 . This
yields
χD+
3
= −ω
P2
3 = −̟3.
The equalities (6) of Lemma 6.1 yield
χD+
1
= χD−
1
= χD+
2
= −̟3,
χD−
2
= χD−
4
= 0.
For p = 2 and q ≥ 2 it holds
Σ(G/P2) = {α1 + α3, α2, σ = α3 + 2α4,q+1 + αq+2}
and
∆(G/P2) = {D1 = D3, D
+
2 , D
−
2 , D4}
with Cartan pairing
α1 + α3 α2 σ
D1 2 −1 0
D+2 0 1 −1
D−2 −2 1 0
D4 −1 0 1
There is only one color of G/P2 mapping not dominantly to G/Q2, namely D
−
2 . The only
other possibility would be D+2 , excluded by the fact that the other colors do not form a
parabolic subset. This yields
χD−
2
= −ω
P2
2 = −̟2.
The equalities (6) of Lemma 6.1 yield
χD+
2
= χD4 = 0,
χD1 = −̟2.
For q = 2 and p ≥ 4 we have
Σ(G/P2) = {α1, α2, α3, σ = α4,p, αp+1, αp+2}
and
∆(G/P2) = {D
+
1 = D
+
q+1, D
−
1 = D
−
3 = D
−
p+2, D
+
2 = D
+
p+2, D
−
2 , D
+
3 = D
−
p+1, D4, Ep}
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with Cartan pairing
α1 α2 α3 σ αp+1 αp+2
D+1 1 0 −1 0 1 −1
D−1 1 −1 1 0 −1 1
D+2 −1 1 −1 0 0 1
D−2 0 1 0 0 0 −1
D+3 −1 0 1 −1 1 −1
D4 0 0 −1 1 0 0
Ep 0 0 0 1 −1 0
There is only one color of G/P2 mapping not dominantly to G/Q2, namely Ep. If p = 4
we would have the other possibility D4, excluded by the fact that the other colors do not
form a parabolic subset. This yields
χEp = −ω
P2
p = −̟p.
The equalities (6) of Lemma 6.1 yield
χD+
1
= χD−
1
= χD+
2
= χD+
3
= −̟p,
χD−
2
= χD4 = 0.
For q = 1 and p ≥ 2, the subgroup P2 is found in [36] as case 4’ of Table C. After loc.cit.
we have
Σ(G/P2) = {α1 + αp+1, α2,p}
and
∆(G/P2) = {D1 = Dp+1, D2, Ep}
with Cartan pairing
α1 + αp+1 α2,p
D1 2 −1
D2 −1 1
Ep −2 1
There is only one color of G/P2 mapping not dominantly to G/Q2, namely Ep. For p = 2
we would have the other possibility D2, excluded by the fact that the other colors do not
form a parabolic subset. This yields
χEp = −ω
P2
p = −̟p.
The equalities (6) of Lemma 6.1 yield
χD1 = −̟p,
χD2 = 0.
9.7.3. I = {βi} with p ≥ 3, q = 1, and i ∈ {2, . . . , p− 1}. Using the same argument of
the previous two cases, one shows that
Σ(G/P3) = {σ = α1 + αi+1, α2,i, γ = αi+1 + 2αi+2,p+1 + αp+1}
and
∆(G/P3) = {D1 = Di+1, D2, Ei, Di+2}
with Cartan pairing
σ α2,i γ
D1 2 −1 0
D2 −1 1 0
Ei −1 1 −1
Di+2 −1 0 1
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The only color of G/P3 not mapped dominantly to G/Q3 is Ei. For i = 2 we would
have the other possibility of D2, excluded by the fact that the other colors do not form
a parabolic subset. Therefore we have
χEi = −ω
P3
i = −̟i.
The equalities (6) of Lemma 6.1 yield
χD2 = 0,
χDi+2 = χD1 = −̟i.
9.7.4. I = {β1, β2} with p = 2 and q ≥ 2. We claim that
Σ(G/P4) = {α1, α2, α3, σ = α3 + 2α4,q+1 + αq+2}
and
∆(G/P4) = {D
+
1 = D
+
3 , D
−
1 , D
+
2 , D
−
2 , D
−
3 , D4}
with Cartan pairing
α1 α2 α3 σ
D+1 1 −1 1 0
D−1 1 0 −1 0
D+2 −1 1 −1 0
D−2 0 1 0 −1
D−3 −1 0 1 0
D4 0 0 −1 1
To show the claim, we define as usualK4 to be a subgroup of G having the above spherical
roots and colors. With the same techniques used before, one shows that we can take K4
inside H , in which case it is a non-maximal proper parabolic subgroup of H . Moreover,
using the same arguments, one shows that G/K4 admits G-equivariant morphisms to
G/P1 and to G/P2, but not to G/P3(i) for any i. This proves the claim.
The colors D−1 , D
+
2 are not mapped dominantly to G/Q (the other possibility give by
D−1 , D
−
2 is excluded because the other colors do not form a parabolic subset).
This gives
χD−
1
= −ωP1 = −̟1,
χD+
2
= −ωP2 = −̟2.
The equalities (6) of Lemma 6.1 yield
χD+
1
= −̟2,
χD−
3
= −̟1,
χD−
2
= χD4 = 0.
9.7.5. I = {βi, βj} with q = 1 and 1 ≤ i < j ≤ p. We first assume 1 < i < j− 1 < p− 1,
we will discuss separately the other possibilities.
We claim that, with this condition on i and j, we have
Σ(G/P5) = {α1, σ = α2,i, αi+1, γ = αi+2,j , αj+1, η = αj+1 + 2αj+2,p + αp+1}
and
∆(G/P5) = {D
+
1 = D
+
i+1, D
−
1 = D
+
j+1, D2, Ei, D
−
i+1 = D
−
j+1, Di+2, Ej , Dj+2}
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with Cartan pairing
α1 σ αi+1 γ αj+1 η
D+1 1 −1 1 0 −1 0
D−1 1 0 −1 0 1 0
D2 −1 1 0 0 0 0
Ei 0 1 −1 0 0 0
D−i+1 −1 0 1 −1 1 0
Di+2 0 0 −1 1 0 0
Ej 0 0 0 1 −1 −1
Dj+2 0 0 0 0 −1 1
The claim is shown as usual: we denote by K5(i, j) a subgroup of G corresponding to
the above spherical roots and colors. The standard technique shows that K5(i, j) can be
taken to be a non-maximal proper parabolic subgroup of H , and that it is conjugated in
G to a subgroup of P3(k) if and only if k is equal to i or j. This shows that K5(i, j) is
conjugated to P5 = P5(i, j).
As usual one checks that Ei and Ej are the colors of G/P5 not mapped dominantly to
G/Q5, yielding
χEi = −ω
P5
i = −̟i,
χEj = −ω
P5
j = −̟j .
The equalities (6) of Lemma 6.1 yield
χD+
1
= χDi+2 = −̟i,
χD−
1
= χDj+2 = −̟j ,
χD2 = 0,
χD−i+1 = −̟i −̟j.
We continue with case (5) and make now the assumption 1 = i < j−1 < p−1. We claim
that then
Σ(G/P5) = {α1, α2, γ = α3,j, αj+1, η = αj+1 + 2αj+2,p + αp+1}
and
∆(G/P5) = {D
+
1 = D
+
j+1, D
−
1 , D
+
2 , D
−
2 = D
−
j+1, D3, Ej , Dj+2}
with Cartan pairing
α1 α2 γ αj+1 η
D+1 1 −1 0 1 0
D−1 1 0 0 −1 0
D+2 0 1 0 −1 0
D−2 −1 1 −1 1 0
D3 0 −1 1 0 0
Ej 0 0 1 −1 −1
Dj+2 0 0 0 −1 1
The claim is shown exactly as above, where we have discussed the assumption 1 < i <
j− 1 < p− 1. Here D−1 and Ej are the colors of G/P5 not mapped dominantly to G/Q5.
For j = 3 there is another possibility for these two colors, namely D−1 and D3. But
P5(1, 3) can be chosen in such a way that P5(1, 3) ⊆ P3(3) ⊆ Q3(3), and with P5(1, 3)
containing P3(3) ∩B−. In this case we have the commutative diagram
(10)
G/P5(1, 3) → G/P3(3)
↓ ↓
G/Q5(1, 3) → G/Q3(3)
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where the morphisms are induced by the above inclusions of subgroups, and it shows that
E3 cannot be mapped dominantly to G/Q5(1, 3) because it is not mapped dominantly to
G/Q3(3).
So we have
χD−
1
= −ω
P5
1 = −̟1,
χEj = −ω
P5
j = −̟j .
The equalities (6) of Lemma 6.1 yield
χD+
1
= χDj+2 = −̟j,
χD3 = −̟1,
χD+
2
= 0,
χD−
2
= −̟1 −̟j.
We continue with case (5), with the assumption 1 < i = j − 1 < p − 1. We claim that
then
Σ(G/P5) = {α1, γ = α2,i, αj, αj+1, η = αj+1 + 2αj+2,p + αp+1}
and
∆(G/P5) = {D
+
1 = D
+
j+1, D
−
1 = D
−
j , D2, Ei, D
+
j , D
−
j+1, Dj+2}
with Cartan pairing
α1 γ αj αj+1 η
D+1 1 0 −1 1 0
D−1 1 −1 1 −1 0
D2 −1 1 0 0 0
Ei 0 1 −1 0 0
D+j −1 0 1 0 −1
D−j+1 −1 0 0 1 0
Dj+2 0 0 0 −1 1
The claim is shown as above. Here Ei and D
+
j are the colors of G/P5 not mapped
dominantly to G/Q5.
For i = 2 there is another possibility for these two colors, namely D2 and D
+
j , excluded
by the fact that the other colors do not form a parabolic subset.
So we have
χEi = −ω
P5
i = −̟i,
χD+j = −ω
P5
j = −̟j .
The equalities (6) of Lemma 6.1 yield
χD+
1
= χDj+2 = −̟j ,
χD−
1
= χD−j+1 = −̟i,
χD+
2
= 0.
We continue with case (5), with the assumption 1 < i < j − 1 = p − 1. We claim that
then
Σ(G/P5) = {α1, σ = α2,i, αi+1, γ = αi+2,j, αp+1}
and
∆(G/P5) = {D
+
1 = D
+
i+1, D
−
1 = D
+
p+1, D2, Ei, D
−
i+1 = D
−
p+1, Di+2, Ep}
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with Cartan pairing
α1 σ αi+1 γ αp+1
D+1 1 −1 1 0 −1
D−1 1 0 −1 0 1
D2 −1 1 0 0 0
Ei 0 1 −1 0 0
D−i+1 −1 0 1 −1 1
Di+2 0 0 −1 1 0
Ep 0 0 0 1 −2
The claim is shown as above. With the same techniques as above, one shows that Ei and
Ep are the colors of G/P5 not mapped dominantly to G/Q5.
So we have
χEi = −ω
P5
i = −̟i,
χEp = −ω
P5
p = −̟p.
The equalities (6) of Lemma 6.1 yield
χD+
1
= χDi+2 = −̟i,
χD−
1
= −̟p,
χD2 = 0,
χD−i+1 = −̟i −̟p.
We continue with case (5), with the assumption 1 = i = j − 1 < p − 1. We claim that
then
Σ(G/P ) = {α1, α2, α3, σ = α3 + 2α4,p+q−1 + αp+q}
and
∆(G/P ) = {D+1 = D
+
3 , D
−
1 , D
+
2 , D
−
2 , D
−
3 , D4}
with Cartan pairing
α1 α2 α3 σ
D+1 1 −1 1 0
D−1 1 0 −1 0
D+2 0 1 −1 0
D−2 −1 1 0 −1
D−3 −1 0 1 0
D4 0 0 −1 1
The claim is shown as above. With the same techniques as above, one shows that D−1
and D−2 are the colors of G/P5 not mapped dominantly to G/Q5.
So we have
χD−
1
= −ω
P5
1 = −̟1,
χD−
2
= −ω
P5
2 = −̟2.
The equalities (6) of Lemma 6.1 yield
χD+
1
= χD4 = −̟2,
χD+
2
= 0,
χD−
3
= −̟1.
We continue with case (5), with the assumption 1 < i = j − 1 = p − 1. We claim that
then
Σ(G/P ) = {α1, σ = α2,p−1, αp, αp+1}
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and
∆(G/P ) = {D+1 = D
+
p , D
−
1 = D
−
p+1, D2, Ep−1, D
−
p , D
+
p+1}
with Cartan pairing
α1 σ αp αp+1
D+1 1 −1 1 −1
D−1 1 0 −1 1
D2 −1 1 0 0
Ep−1 0 1 −1 0
D−p −1 0 1 −1
D+p+1 −1 0 0 1
The claim is shown as above. With the same techniques as above, one shows that Ep−1
and D−p are the colors of G/P5 not mapped dominantly to G/Q5.
So we have
χEp−1 = −ω
P5
p−1 = −̟p−1,
χD−p = −ω
P5
p = −̟p.
The equalities (6) of Lemma 6.1 yield
χD+
1
= χD+p+1 = −̟p−1,
χD2 = 0,
χD−
1
= −̟p.
We finish case (5), discussing the last remaining assumption 1 = i = j − 1 = p− 1. We
claim that then
Σ(G/P ) = S
and
∆(G/P ) = {D+1 = D
+
3 , D
−
1 , D
+
2 , D
−
2 , D
−
3 }
with Cartan pairing
α1 α2 α3
D+1 1 −1 1
D−1 1 0 −1
D+2 −1 1 −1
D−2 0 1 −1
D−3 −1 0 1
The claim is shown as above. With the same techniques as above, one shows that D−1
and D+2 are the colors of G/P5 not mapped dominantly to G/Q5.
So we have
χD−
1
= −ω
P5
1 = −̟1,
χD+
2
= −ω
P5
2 = −̟2.
The equalities (6) of Lemma 6.1 yield
χD+
1
= −̟2,
χD−
2
= 0,
χD−
3
= −̟1.
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9.7.6. I = {β1, β
′
i} for any i ∈ {1, . . . , q}, with p = 1. Let us first suppose 1 < i < q, we
will deal later with the other possibilities. We claim that, with this condition on i, we
have
Σ(G/P6) = {α1, σ = α2,i, αi+1, γ = αi+1 + 2αi+2,q + αq+1}
and
∆(G/P6) = {D
+
1 = D
+
i+1, D
−
1 , D2, Ei, D
−
i+1, Di+2}
with Cartan pairing
α1 σ αi+1 γ
D+1 1 −1 1 0
D−1 1 0 −1 0
D2 −1 1 0 0
Ei 0 1 −1 −1
D−i+1 −1 0 1 0
Di+2 0 0 −1 1
The claim is shown as for the previous cases. With the same techniques as above, one
shows that D−1 and D
−
i+1 are the colors of G/P6 not mapped dominantly to G/Q6.
So we have
χD−
1
= −ω
P6
1 = −̟1,
χD−i+1 = −ω
P6
i+1 = −̟
′
i −̟1.
The equalities (6) of Lemma 6.1 yield
χD+
1
= χEi = χDi+2 = −̟
′
i,
χD2 = 0.
We continue with case (6), with the assumption 1 = i < q. We claim that then
Σ(G/P6) = {α1, α2, γ = α2 + 2α3,q + αq+1}
and
∆(G/P6) = {D
+
1 , D
−
1 , D
+
2 , D
−
2 D3}
with Cartan pairing
α1 α2 γ
D+1 1 −1 0
D−1 1 0 −1
D+2 0 1 0
D−2 −1 1 0
D3 0 −1 1
The claim is shown as for the previous cases. We can take Q6 so that α1 and α2 are the
only simple roots that are not simple roots of LQ6
. With the same techniques as above,
one shows that D+1 and D
−
2 are the colors of G/P6 not mapped dominantly to G/Q6. To
exclude other possibilities, one uses the inclusions P6 ⊆ P1 ⊆ Q1 and the corresponding
diagram similar to (10).
So we have
χD+
1
= −ω
P6
1 = −̟1,
χD−
2
= −ω
P6
2 = −̟
′
1 −̟1.
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The equalities (6) of Lemma 6.1 yield
χD−
1
= χD3 = −̟
′
1,
χD+
2
= 0.
We continue with case (6), with the assumption 1 < i = q. We claim that then
Σ(G/P6) = {α1, σ = α2,q, αq+1}
and
∆(G/P6) = {D
+
1 = D
+
p+1, D
−
1 , D2, Ep, D
−
q+1}
with Cartan pairing
α1 σ αq+1
D+1 1 −1 1
D−1 1 0 −1
D2 −1 1 0
Ep 0 1 −2
D−p+1 −1 0 1
The claim is shown as for the previous cases. With the same techniques as above, one
shows that D−1 and D
−
q+1 are the colors of G/P6 not mapped dominantly to G/Q6.
So we have
χD−
1
= −ω
P6
1 = −̟1,
χD−q+1 = −ω
P6
q+1 = −̟
′
q −̟1.
The equalities (6) of Lemma 6.1 yield
χD+
1
= χEp = −̟
′
q,
χD2 = 0.
We finish case (6), discussing the assumption 1 = i = q. The subgroup P6 of Sp(4)
appears then as the first occurrence of case 8 of [36, Table C], which gives
Σ(G/P6) = S
and
∆(G/P6) = {D
+
1 , D
−
1 , D
+
2 , D
−
2 }
with Cartan pairing
α1 α2
D+1 1 −1
D−1 1 −1
D+2 0 1
D−2 −1 1
Here there are two possible choices of colors of G/P6 not mapped dominantly to G/Q6,
namely {D+1 , D
−
2 } and {D
−
1 , D
−
2 }. They are exchanged by the non-trivial G-equivariant
automorphism of G/P6, so (as one can easily check directly) they produce the same
computation for the extended weight monoid, except for the labelling of the generators
by the colors.
Let us choose {D+1 , D
−
2 }, which yields
χD+
1
= −ω
P6
1 = −̟1,
χD−
2
= −ω
P6
2 = −̟
′
1 −̟1.
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The equalities (6) of Lemma 6.1 yield
χD−
1
= −̟′1,
χD+
2
= 0.
9.8. F4/Spin(9). Let G denote the connected semisimple group of Dynkin type F4. The
subgroupH ⊆ F4 has maximal torus T and simple roots β1 = ǫ1−ǫ2 = 2α4+α2+2α3, β2 =
α1, β3 = α2 and β4 = α3 and is isomorphic to Spin(9). With this choice, we have ω1 = ̟2,
ω2 = ̟1 +̟3, ω3 = ̟1 +̟4, ω4 = ̟1.
Assuming I is minimal, we have the following possibilities:
(1) I = {β1, β2},
(2) I = {β3},
(3) I = {β4}.
Note that case (1) gives rise to the two subcases I = {β1} and I = {β2}. Let us denote
the corresponding parabolic subgroups by P12, P1, P2, P3 and P4. These subgroups turn
out to be wonderful and their Luna diagrams can be found in [6, §3.2]. Additionally,
one can check that the spherical roots and the colors given below are correct as usual:
applying Corollary 4.8 and Proposition 7.1 to check that they correspond to minimal
parabolic subgroups of H that are spherical in G, and using dimensions to check that the
given data correspond to the correct parabolic subgroup.
9.8.1. I = {β1, β2}. We have
Σ(G/P12) = {σ1 = α1 + α2, σ2 = α2 + α3, σ3 = α3, σ4 = α4}
and
∆(G/P12) = {D1, D2, D
±
3 , D
±
4 }
with Cartan pairing
σ1 σ2 σ3 σ4
D1 1 −1 0 0
D2 1 1 −1 0
D+3 0 0 1 −1
D−3 −2 0 1 0
D+4 0 0 −1 1
D−4 0 −1 0 1
Let Q12 be the parabolic subgroup so that α2 and α3 are the simple roots of LQ12 . Then
Q12 is minimal for containing P12. The pull-backs of the two colors of G/Q12 to G/P12
are D1 and one of {D
±
4 }. Since {D2, D
±
3 , D
−
4 } is parabolic and {D2, D
±
3 , D
+
4 } is not, it
follows that D+4 is pulled back from G/Q12. Hence
χD1 = −ω
P12
1 = −̟2,
χD−
4
= −ωP124 = −̟1.
We recover as usual the other weights:
χD2 = −̟2,
χD+
3
= −̟1,
χD−
3
= −̟2,
χD−
4
= 0.
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Subcase: I = {β1}. Here we have Σ(G/P1) = {σ1 = α1 + 2α2 + 3α3, σ2 = α4} and
∆(G/P1) = {D3, D
±
4 }. The inverse images of the colors D3, D
+
4 , D
−
4 of G/P1 under the
natural projection G/P12 → G/P1 are the colors D
+
3 , D
−
4 and D
+
4 of G/P12 respectively.
Subcase: I = {β2}. Here we have Σ(G/P1) = {σ1 = α1+α2, σ2 = α2+α3, σ3 = α3+α4}
and ∆(G/P1) = {D1, D2, D3, D4}. The inverse images of the colors D1, D2, D3, D4 of
G/P2 under the natural projection G/P12 → G/P2 are the colors D1, D2, D
−
3 and D
−
4 of
G/P12 respectively.
9.8.2. I = {β3}. We have
Σ(G/P3) = {σ1 = α1, σ2 = α2 + α3, σ3 = α3, σ4 = α4}
and
∆(G/P3) = {D
+
1 = D
+
4 , D
−
1 = D
−
3 , D2, D
+
3 , D
−
4 }
with Cartan pairing
σ1 σ2 σ3 σ4
D+1 1 −1 −1 1
D−1 1 0 1 −1
D2 −1 1 −1 0
D+3 −1 0 1 0
D−4 −1 0 0 1
A parabolic subset must contain an element of each of the sets {D+1 , D
−
1 }, {D2}, {D
−
1 , D3}
and {D+1 , D
−
4 }. Moreover, the colors that are moved by more than one root have to be in
the parabolic subset, since colors on a (partial) flag variety are moved by at most one root.
It follows that a parabolic subset must contain one of the sets {D+1 , D
−
1 , D2} as a subset.
Suppose that a+1 D
+
1 + a
−
1 D
−
1 + a2D2 is strictly positive on every spherical root. Then
a+1 + a2 < a
−
1 and a
−
1 < a
+
1 , which implies a2 < 0, and we conclude that {D
+
1 , D
−
1 , D2}
itself is not parabolic.
Suppose that a+1 D
+
1 + a
−
1 D
−
1 + a2D2 + a
+
3 D
+
3 is strictly positive on all spherical roots.
Then a+1 + a
−
1 − a2− a
+
3 > 0, a
+
1 < a2, −a
+
1 + a
−
1 − a2 + a
+
3 > 0 and a
+
1 > a
−
1 , from which
a−1 > a2 and a
−
1 < a2, a contradiction.
Note that 4D+1 + 14D
−
1 + 6D2 + 11D
−
4 is strictly positive on each spherical root. We
conclude that {D+1 , D
−
1 , D2, D
−
4 } is the minimal parabolic subset of ∆(G/P3).
First we choose another system of positive roots for G: α′1 = ǫ2 − ǫ3, α
′
2 = ǫ1 − ǫ2, α
′
3 =
−1
2
(ǫ1− ǫ2− ǫ3+ ǫ4), α
′
4 = ǫ4. Note that ǫ3− ǫ4 = 2α
′
3+α
′
2, which implies that this choice
of positive roots is compatible with the standard choice of positive roots of so9. Also note
that sǫ4 ◦ s 1
2
(−ǫ1+ǫ2+ǫ3−ǫ4)
(αi) = α
′
i for i = 1, 2, 3, 4.
It is clear that P3 ⊆ Q{α′
1
,α′
2
,α′
4
} and that Q{α′
1
,α′
2
,α′
4
} is minimal for this inclusion. Hence
we found the conjugate P˜3 that is contained in Q3. It follows that the P -weight of D
+
3 is
(−ω′3)
P = −̟3. Hence
χD+
3
= −̟3
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and the equations
χD+
1
+ χD−
1
− χD2 + χD+
3
− χD−
4
= 0
−χD+
1
+ χD2 = 0
−χD+
1
+ χD−
1
− χD2 + χD+
3
= 0
χD+
1
− χD−
1
+ χD−
4
= 0
yield
χD+
1
= χD−
1
= χD2 = −̟3,
χD−
4
= 0.
9.8.3. I = {β4}. We have
Σ(G/P4) = {σ1 = α1 + α2 + α3, σ2 = α2 + 2α3 + α4, σ3 = α4}
and
∆(G/P3) = {D1, D3, D
+
4 , D
−
4 }
with Cartan pairing
σ1 σ2 σ3
D1 1 −1 0
D3 0 1 −1
D+4 0 0 1
D−4 −1 0 1
A parabolic subset must contain D1, D3 and an element of {D
+
4 , D
−
4 }. Suppose that
a1D1 + a3D3 + a
−
4 D
−
4 is strictly positive on the spherical roots. This implies a1 > a
−
4 ,
a1 < a3 and a3 < a
−
4 , from which a
−
4 < a
−
4 , a contradiction.
Since D1 + 2D3 + 3D
+
4 is strictly positive on each spherical root, the minimal parabolic
subset is given by {D1, D3, D
+
4 }. Let Q4 denote the parabolic subgroup such that only
α4 is not a simple root of LQ4. Then Q4 is minimal for containing a G-conjugate P˜4 of
P4. To find this conjugate we argue as follows.
First we look at a conjugate of B4 which has the following system of positive roots:
β ′1 = ǫ3 + ǫ4, β2 = ǫ2 − ǫ3, β
′
3 = ǫ3 − ǫ4, β
′
4 =
1
2
(ǫ1 − ǫ2 − ǫ3 + ǫ4). Note that this system
is compatible with our choice of positive system of f4. We claim that P{β′
1
,β′
2
,β′
3
} ⊆ Q4
regularly. The Levi of P has Lie algebra so6 + C which is embedded in the Lie algebra
of the Levi of Q, which is so7 +C. A weight of the nilpotent radical of P{β′
1
,β′
2
,β′
3
} has the
short root β ′4 in its support. Hence it has α4 in its support, which implies that it is a
weight of the nilpotent radical of Q. Since (β ′4)
∨ = α∨4 + α
∨
3 , we see that ω4((β
′
i)
∨) = δ4i.
Hence ωP4 = ̟
′
4. It follows that
χD−
4
= −̟4.
The equations
χD1 − χD−
4
= 0, −χD1 + χD2 = 0, −χD3 + χD+
4
+ χD−
4
= 0
imply
χD1 = χD3 = −̟4,
χD+
4
= 0.
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9.9. E6/(Spin(10)×C
×). Let G denote the connected and simply connected semisimple
group of Dynkin type E6. Let H ⊆ G be the Levi component with simple roots
β1 = α6, β2 = α5, β3 = α4, β4 = α3, β5 = α2.
Then H is isogenous to C× × Spin(10) and we have
̟1 = −
1
2
ω1 + ω6,
̟2 = −ω1 + ω5,
̟3 = −
3
2
ω1 + ω4,
̟4 = −
5
4
ω1 + ω3,
̟5 = −
3
4
ω1 + ω2.
We denote by ǫ the extension of a generator of X (C×) to a character of the universal
cover of H , chosen in such a way that ω1 = 4ǫ, and we have
ω1 = 4ǫ,
ω2 = ̟5 + 3ǫ,
ω3 = ̟4 + 5ǫ,
ω4 = ̟3 + 6ǫ,
ω5 = ̟2 + 4ǫ,
ω6 = ̟1 + 2ǫ.
There is one possibility for I, namely I = {β1}. Let P ⊆ H denote the corresponding
parabolic subgroup, i.e. P = P{β2,β3,β4,β5}. Then LP is isogenous to C
× × Spin(8) ×
C×. Consider the Luna diagram for that appears as number 42 in [5] and denote its
corresponding subgroup with P ′ ⊆ G. We have
∆(G/P ′) = {D+1 , D
−
1 , D3, D2, D5, D
+
6 , D
−
6 }
and2
Σ(G/P ′) = {α1, α234, α345, α245, α6}
with Cartan pairing
σ1 σ2 σ3 σ4 σ5
D+1 1 0 −1 0 0
D−1 1 −1 0 0 0
D3 −1 1 1 −1 0
D2 0 1 −1 1 0
D5 0 −1 1 1 −1
D+6 0 0 −1 0 1
D−6 0 0 0 −1 1
Note that Σ(G/H) = {α13456, 2α2 + 2α4 + α3 + α5}, see e.g. [9, Case 18]. The subset
{D+1 , D3, D5, D
+
6 } ⊆ Σ(G/P
′) is distinguished and it gives a map to G/H . It follows that
P ′ is conjugate to a subgroup of H . An application of Proposition 7.1 readily implies
that P ′ is conjugate to a parabolic subgroup of H . It follows from the classification that
P and P ′ are conjugates.
Let Q ⊆ G be the parabolic subgroup for which LQ has simple roots {α1, α6}. Then
{D+1 , D3, D2, D5, D
−
6 } ⊆ ∆(G/P ) is a distinguished subset that gives a map G/P → G/Q.
2Here we denote by αijk the sum αi + αj + αk. Similar notations will be used throughout this case.
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This means that D−1 and D
+
6 come from G/Q. Hence
χD−
1
= −ωP1 = −4ǫ,
χD+
6
= −ωP6 = −̟1 − 2ǫ.
We find
χD+
1
= χD5 = −̟1 + 2ǫ,
χD2 = 0,
χD3 = −̟1 − 2ǫ,
χD−
6
= 4ǫ
9.10. E6/F4. Let G denote the connected semisimple group of Dynkin type E6. Let
H ⊆ G be the connected subgroup with simple roots
β1 = α2, β2 = α4, β3 =
1
2
(α3 + α5), β4 =
1
2
(α1 + α6).
Then H ⊆ G is a subgroup of Dynkin type F4, which is unique up to conjugacy [12,
Thm. 11.1]. Moreover, we have ω2 = ̟1 which follows from the expression of the funda-
mental weights in terms of the simple roots.
There is one possibility for I, I = {β1}. Let P ⊆ H denote the corresponding parabolic
subgroup, i.e. P = P{β2,β3,β4}. Then LP = Sp(6)× C
× and pu = C15. Let Q ⊆ G be the
parabolic subgroup for which LQ has simple roots S r {α2}. It is clear that LP ⊆ LQ
and P u ⊆ Qu. These observations suggest that the Luna diagram of G/P is given by [5,
Case 7]. One can also verify this by applying as usual Corollary 4.8 and Proposition 7.1.
We have
Σ(G/P ) = {σ1 = α1 + α3, σ2 = α2 + α4, σ3 = α3 + α4, σ4 = α4 + α5, σ5 = α5 + α6}
and
∆(G/P ) = {D1, D2, D3, D4, D5, D6}
with Cartan matrix
σ1 σ2 σ3 σ4 σ5
D1 1 0 −1 0 0
D2 0 1 −1 −1 0
D3 1 −1 1 −1 0
D4 −1 1 1 1 −1
D5 0 −1 −1 1 1
D6 0 0 0 −1 1
Our discussion above implies that
χD2 = −ω
P
2 = −̟1.
We find
χD2 = χD3 = χD4 = χD5 = −̟1,
χD1 = χD6 = 0.
9.11. SL(n)× SL(n)/diag(SL(n)). There are two possibilities: I = {β1} or I = {βn−1}.
The generators for the case I = {β1} have been calculated in [25, Lemma 5.2]. The
second case is related to the first by Remark 8.2.
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10. Non-symmetric cases
10.1. SL(p + q + 2)/(SL(p + 1) × SL(q + 1)) with p > q ≥ 0. There are four different
cases, listed below. In each case one can derive the generators immediately from from
the indicated sub-cases of 9.2 by Remark 8.3.
(1) 2 ≤ p < q, I = {β1} or I = {βp}, use 9.2.2,
(2) p = 1 < q, I = {β}, use 9.2.1,
(3) p = 1, q ≥ 4, I = {β ′j}, 2 ≤ j ≤ q − 2, use 9.2.4,
(4) p = 0, q ≥ 1, I = SH r {βj}, 1 ≤ j ≤ q, use 9.2.5.
10.2. SO(4n + 2)/SL(2n + 1) with n ≥ 1. We have the following possibilities for I:
I = {β1} or I = {β2n}. This case derives immediately from case (9.6), by Remark 8.3.
10.3. Spin(9)/Spin(7). Let G = Spin(9) and let H be the connected semisimple sub-
group whose simple roots are β1 = ǫ3 + ǫ4, β2 = α2 and β3 =
1
2
(α1 + α3). Then H is
isomorphic to Spin(7) and the isomorphism is given by the representation ̟3 + 1.
There is only one possibility for I, namely I = {β1}. Using as usual Corollary 4.8 and
Proposition 7.1, one checks that
Σ(G/P ) = {σ1 = α1 + α2, σ2 = α2 + α3, σ3 = α3 + α4, σ4 = α4}
and
∆(G/P ) = {D1, D2, D3, D
+
4 , D
−
4 }
with Cartan pairing
σ1 σ2 σ3 σ4
D1 1 −1 0 0
D2 1 1 −1 0
D3 −1 1 1 −1
D+4 0 0 0 1
D−4 0 −2 0 1
Consider the parabolic subgroup Q = Q{α1,α2,α3} of G. We have P ⊆ Q and Q is minimal
for this inclusion. Indeed, the corresponding set of colors corresponding to the map
G/P → G/Q is either {D1, D2, D3, D
+
4 } or {D1, D2, D3, D
−
4 }. We note that the latter is
not a parabolic subset of ∆(G/P ), that the former is, and in fact that it is minimal.
Using that ω4 = β1 + β2 + β3 = ̟1, we get
χD−
4
= −ωP4 = −̟1.
and we obtain
χD1 = χD+
4
= 0,
χD2 = χD3 = −̟1.
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10.4. Spin(7)/G2. Let G = Spin(7) and let H ⊆ G be the connected subgroup with
simple roots β1 =
1
3
(α1 + 2α3) and β2 = α2. Then H is simply connected of Dynkin type
G2. In fact, H has an irreducible 7-dimensional representation H → SO(7) of highest
weight ̟1 and its lift H → Spin(7) is the embedding we described above.
We have the following possibilities for I:
(1) I = {β1},
(2) I = {β2}.
The Luna diagrams for the respective homogeneous spaces, denoted here by G/P1 and
G/P2, appear in [6, §3.4]. We will prove in a moment which diagram corresponds to which
case, and we will use the observation that Q{α1,α3} has Levi subgroup of semisimple type
A1, and the unipotent radical Q
u
{α1,α3}
does not contain the irreducible SL(2)-module of
dimension 4.
10.4.1. I = {β1}. We have
Σ(G/P1) = {σ1 = α1 + α2, σ2 = α2 + α3, σ3 = α3}
and
∆(G/P1) = {D1, D2, D
+
3 , D
−
3 }
with Cartan pairing
σ1 σ2 σ3
D1 1 −1 0
D2 1 1 −1
D+3 0 0 1
D−3 −2 0 1
We observe that {D2, D
+
3 } is the minimal parabolic subset, as there are no other parabolic
subsets with two or less elements. This implies that the colors D1, D
−
3 are pull-backs of
colors on G/Q via G/P1 → G/Q which is given by the inclusion P1 = P{β1} ⊆ Q{α1,α3} =
Q.
This also shows that these spherical roots and colors correspond to P1 and not P2. Indeed,
the unipotent radical of P2 contains the 4-dimensional irreducible SL(2)-module, whereas
Q{α1,α2} doesn’t.
We deduce
χD1 = −ω
P
1 = −̟1,
χD−
3
= −ωP3 = −̟1,
and this yields
χD2 = −̟1,
χD+
3
= 0.
10.4.2. I = {β2}. We have
Σ(G/P2) = {σ1 = α1, σ2 = α2, σ3 = α3}
and
∆(G/P2) = {D
+
1 = D
+
2 , D
−
1 = D
−
3 , D
−
2 , D
+
3 }
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with Cartan pairing
σ1 σ2 σ3
D+1 1 1 −1
D−1 1 −2 1
D−2 −2 1 0
D+3 −1 0 1
Since D+1 and D
−
1 are moved by two roots, they must be in the parabolic subset. Suppose
that {D+1 , D
−
1 , D
−
2 } is parabolic. Then there exist non-negative coefficients a
+
1 , a
−
1 , a
−
2
such that a+1 D
+
1 + a
−
1 D
−
1 + a
−
2 D
−
2 is strictly positive on each spherical root. In particular,
a−1 > a
+
1 . The first two spherical roots yield a
+
1 + a
−
1 − 2a
−
2 > 0 and a
+
1 − 2a
−
1 + a
−
2 > 0,
which implies a+1 < a
−
1 , a contradiction.
Since 3D+1 +D
−
1 +3D
+
3 is strictly positive on each spherical root, we see that {D
+
1 , D
−
1 , D
+
3 }
is a minimal parabolic subset of colors. This means that Q = Q{α2} contains P2 up to
conjugation, and that D−2 comes from G/Q.
Hence
χD−
2
= −ωP2 = −̟2,
and we obtain
χD+
1
= χD−
1
= −̟2,
χD+
3
= 0.
10.5. G2/SL(3). Let G be the connected group of Dynkin type G2 and let H ⊆ G be the
connected subgroup whose roots are the long roots of G. Set β2 = α2 and β1 = sω2(β1).
Then H = SL(3). There are two possibilities for I,
(1) I = {β1},
(2) I = {β2}.
The corresponding subgroups P1 and P2 are conjugated by a simple reflection ofWG. The
Luna diagram of G/P1 occurs as case G3 in [36]. Denoting by α1 the short simple root,
and by α2 the long one, one checks with the usual argument that
Σ(G/P1) = {σ1 = α1, σ2 = α1 + α2}
and
∆(G/P1) = {D
+
1 , D
−
1 , D2}
with Cartan pairing
σ1 σ2
D+1 1 0
D−1 1 −1
D2 −1 1
The minimal parabolic subset is {D+1 , D2} which implies that D
−
1 is a pull-back from the
color of G/Q{α2}, where P1 = P{β2} ⊆ Q{α2} is regular. It follows that
χD−
1
= −ωP11 = −̟1
and the equations yield
χD2 = −̟1,
χD+
1
= 0.
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10.6. (Sp(2m) × Sp(2n))/(Sp(2m − 2) × SL(2) × Sp(2n − 2)) with m,n ≥ 1 and
min{m,n} > 1. We have the following possibilities for I:
(1) I = {βi} with m ≥ 2 and i ∈ {1, . . . , m− 1},
(2) I = {β ′1}.
There is also a third possibility I = {β ′′j } with n > 1 and j ∈ {1, . . . , n − 1}, but it can
be skipped here because it falls under the analysis of the first case by just swapping m
with n.
We recall the following data for G/H , taken from [9, Case 42]. If n,m > 1 we have
Σ(G/H) = {α1 + α
′
1, α1 + 2α2,m−1 + αm, α
′
1 + 2α
′
2,n−1 + α
′
n}
and
∆(G/H) = {D1 = D1′ , D2, D2′}
with Cartan pairing given by the restriction to Ξ(G/H) of respectively α∨1 , α
∨
2 , (α
′
2)
∨. If
m = 1 or n = 1, then the second (resp. third) spherical root and the second (resp. third)
color does not appear.
10.6.1. I = {βi} with m > 1 and i ∈ {1, . . . , m− 1}. Let G act naturally on C
2m⊕C2n,
and let V ∼= C2⊕C2 be the subspace generated by the m-th and the (m+1)-th elements
of the canonical basis of C2m, and by the n-th and the (n+1)-th elements of the canonical
basis of C2n. We choose H to be inside the stabilizer of V in G, so that H contains the
diagonal subgroup of SL(2)× SL(2) (embedded in GL(V ) in the obvious way).
We recall that, with this choice (and up to restricting weights from TG to TH) we have
ωj = ̟j for all j ∈ {1, . . . , m− 1}, and ωm = ̟m−1 +̟
′
1.
As usual, we choose P so that it contains the intersection H ∩ B−. We use notations
similar to section (9.7): the parabolic subgroup P will be denoted also by P1 or P1(i),
whereas that of case (2) will be denoted also by P2. With similar notation we consider
the subgroup Q1(i), which is such that its Levi subgroup has all simple roots except for
αi.
Let us discuss how one checks that G/P1(i) has the spherical roots and colors indicated
below. The usual procedure assures that the given data correspond to parabolic subgroups
of H . The inclusion of P1(i) in Q1(i) is then enough to conclude that the data we give
for P1(i) does not correspond to P1(j) for any j 6= i.
It remains to exclude the possibility that the data given here corresponds to P2. This
is done by noticing that P2 is contained in a proper parabolic subgroup of G containing
the first factor Sp(2m) of G, something that is not compatible with the data given here.
We analyze now all possible values of i, m, and n.
Suppose i = m− 1, m > 2 and n > 1. Then
Σ(G/P1(m− 1)) = {α1, σ1 = α2,m−1, αm, α
′
1, σ2 = α
′
1 + 2α2,n−1 + αn}
and
∆(G/P1(m− 1)) = {D
+
1 = D
+
m, D
−
1 = D
−
1′ , D2, Em−1, D
−
m = D
+
1′ , D2′}
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with Cartan pairing
α1 σ1 αm α
′
1 σ2
D+1 1 −1 1 −1 0
D−1 1 0 −1 1 0
D2 −1 1 0 0 0
Em−1 0 1 −2 0 0
D−m −1 0 1 1 0
D2′ 0 0 0 −1 1
There is only one color not mapped dominantly to G/Q1(m− 1), namely Em−1. Indeed,
if m > 3, it’s the only color moved by αm−1. If m = 3 the other possibility given by D2
does not correspond to a parabolic subset of colors. Thus
χEm−1 = −ω
P1(m−1)
m−1 = −̟m−1,
and this yields
χD+
1
= χD−m = −̟m−1,
χD−
1
= χD2 = χD2′ = 0.
Suppose i = m− 1, m > 2, and n = 1. Then
Σ(G/P1(m− 1)) = {α1, σ = α2,m−1, αm, α
′
1}
and
∆(G/P1(m− 1)) = {D
+
1 = D
+
m, D
−
1 = D
+
1′ , D2, Em−1, D
−
m = D
−
1′}
with Cartan pairing
α1 σ αm α
′
1
D+1 1 −1 1 −1
D−1 1 0 −1 1
D2 −1 1 0 0
Em−1 0 1 −2 0
D−m −1 0 1 1
We proceed exactly as in the previous case, obtaining
χEm−1 = −ω
P1(m−1)
m−1 = −̟m−1,
and
χD+
1
= χD−m = −̟m−1,
χD−
1
= χD2 = 0.
Suppose i = 1, m = 2 and n ≥ 2. Then
Σ(G/P1(1)) = {α1, α2, α
′
1, σ = α
′
1 + 2α
′
2,n−1 + α
′
n}
and
∆(G/P1(1)) = {D
+
1 , D
−
1 = D
−
1′, D
+
2 , D
−
2 = D
+
1′, D2′}
with Cartan pairing
α1 α2 α
′
1 σ
D+1 1 −1 −1 0
D−1 1 −1 1 0
D+2 0 1 −1 0
D−2 −1 1 1 0
D2′ 0 0 −1 1
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The only color not mapped dominantly to G/Q1(1) is D
+
1 , which gives
χD+
1
= −ω
P1(1)
1 = −̟1,
and
χD−
2
= −̟1,
χD−
1
= χD+
2
= χD2′ = 0.
Suppose i = 1, m = 2, and n = 1. Then
Σ(G/P1(1)) = {α1, α2, α
′
1}
and
∆(G/P1(1)) = {D
+
1 , D
−
1 = D
−
1′ , D
+
2 , D
−
2 = D
+
1′}
with Cartan pairing
α1 α2 α
′
1
D+1 1 −1 −1
D−1 1 −1 1
D+2 0 1 −1
D−2 −1 1 1
We proceed exactly as in the previous case, obtaining
χD+
1
= −ω
P1(1)
1 = −̟1,
and
χD−
2
= −̟1,
χD−
1
= χD+
2
= 0.
Suppose 1 < i < m− 1 and n > 1. Then
Σ(G/P1(i)) = {α1, σ1 = α2,i, αi+1, σ2 = αi+1+2αi+2,m−1+αm, α
′
1, σ3 = α
′
1+2α
′
2,n−1+α
′
n}
and
∆(G/P1(i)) = {D
+
1 = D
+
i+1, D
−
1 = D
−
1′, D2, Ei, D
−
i+1 = D
+
1′ , Di+2, D2′}
with Cartan pairing
α1 σ1 αi+1 σ2 α
′
1 σ3
D+1 1 −1 1 0 −1 0
D−1 1 0 −1 0 1 0
D2 −1 1 0 0 0 0
Ei 0 1 −1 −1 0 0
D−i+1 −1 0 1 0 1 0
Di+2 0 0 −1 1 0 0
D2′ 0 0 0 0 −1 1
The only color not mapped dominantly to G/Q1(i) is Ei. This is obvious if i > 2; if
i = 2 then the other possibility D2 is excluded because the other colors do not form a
parabolic subset.
We deduce
χEi = −ω
P1(i)
i = −̟i,
and
χD+
1
= χD−i+1
= χDi+2 = −̟i,
χD−
1
= χD2 = χD2′ = 0.
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Suppose 1 < i < m− 1 and n = 1. Then
Σ(G/P1(i)) = {α1, σ1 = α2,i, αi+1, σ2 = αi+1 + 2αi+2,m−1 + αm, α
′
1}
and
∆(G/P1(i)) = {D
+
1 = D
+
i+1, D
−
1 = D
−
1′ , D2, Ei, D
−
i+1 = D
+
1′ , Di+2}
with Cartan pairing
α1 σ1 αi+1 σ2 α
′
1
D+1 1 −1 1 0 −1
D−1 1 0 −1 0 1
D2 −1 1 0 0 0
Ei 0 1 −1 −1 0
D−i+1 −1 0 1 0 1
Di+2 0 0 −1 1 0
We proceed exactly as in the previous case, obtaining
χEi = −ω
P1(i)
i = −̟i,
and
χD+
1
= χD−i+1 = χDi+2 = −̟i,
χD−
1
= χD2 = 0.
Suppose i = 1, m ≥ 3, and n > 1. Then
Σ(G/P1(i)) = {α1, α2, σ1 = α2 + 2α3,m−1 + αm, α
′
1, σ2 = α
′
1 + 2α
′
2,n−1 + α
′
n}
and
∆(G/P1(i)) = {D
+
1 = D
+
1′ , D
−
1 , D
+
2 , D
−
2 = D
−
1′ , D3, D2′}
with Cartan pairing
α1 α2 σ1 α
′
1 σ2
D+1 1 −1 0 1 0
D−1 1 0 −1 −1 0
D+2 0 1 0 −1 0
D−2 −1 1 0 1 0
D3 0 −1 1 0 0
D2′ 0 0 0 −1 1
The only color not mapped dominantly to G/Q1(i) is D
−
1 . This yields
χD−
1
= −ω
P1(i)
1 = −̟1,
and
χD−
2
= χD3 = −̟1,
χD+
1
= χD+
2
= χD2′ = 0.
It remains the case i = 1, m ≥ 3, and n = 1. Then
Σ(G/P1(i)) = {α1, α2, σ = α2 + 2α3,m−1 + αm, α
′
1}
and
∆(G/P1(i)) = {D
+
1 = D
+
1′, D
−
1 , D
+
2 , D
−
2 = D
−
1′ , D3}
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with Cartan pairing
α1 α2 σ α
′
1
D+1 1 −1 0 1
D−1 1 0 −1 −1
D+2 0 1 0 −1
D−2 −1 1 0 1
D3 0 −1 1 0
We proceed exactly as in the previous case, obtaining
χD−
1
= −ω
P1(i)
1 = −̟1,
and
χD−
2
= χD3 = −̟1,
χD+
1
= χD+
2
= 0.
10.6.2. I = {β ′1}. We choose now a different embedding of H into G. Let V
′ ∼= C2⊕C2
be the subspace generated by the first and last elements of the canonical basis of C2m,
and by the first and last elements of the canonical basis of C2n. We choose H to be inside
the stabilizer of V ′ in G, so that H contains the diagonal subgroup of SL(2) × SL(2)
(embedded in GL(V ′) in the obvious way).
We recall that, with this choice and up to restricting weights from TG to TH , we have
ω1 = ω
′
1 = ̟
′
1, ωj = ̟
′
1 + ̟j−1 for all j ∈ {2, . . . , m}, and ω
′
j = ̟
′
1 + ̟
′′
j−1 for all
j ∈ {2, . . . , n}.
In this case the subgroup Q2 is such that its Levi subgroup has all simple roots except
for α1 and α
′
1. To check that G/P2 has the spherical roots and colors indicated below,
one proceeds as for G/P1(i).
Suppose that m,n > 1. Then we have
Σ(G/P ) = {α1, σ = α1 + 2α2,m−1 + αm, α
′
1, σ
′ = α′1 + 2α
′
2,n−1 + α
′
n}
and
∆(G/P ) = {D+1 = D
+
1′ , D
−
1 , D
−
1′, D2, D2′}
with Cartan pairing
α1 σ α
′
1 σ
′
D+1 1 0 1 0
D−1 1 0 −1 0
D−1′ −1 0 1 0
D2 −1 1 0 0
D2′ 0 0 −1 1
The colors not mapped dominantly to G/Q2 are D
−
1 and D
−
1′. Therefore
χD−
1
= −ω
P2
1 = −̟
′
1,
χD−
1′
= −(ω′1)
P2 = −̟′1,
and
χD+
1
= χD2 = χD2′ = 0.
Suppose now m > n = 1. Then we have
Σ(G/P ) = {α1, σ = α1 + 2α2,m−1 + αm, α
′
1}
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and
∆(G/P ) = {D+1 = D
+
1′, D
−
1 , D
−
1′, D2}
with Cartan pairing
α1 σ α
′
1
D+1 1 0 1
D−1 1 0 −1
D−1′ −1 0 1
D2 −1 1 0
We proceed exactly as in the previous case, obtaining
χD−
1
= −ω
P2
1 = −̟
′
1,
χD−
1′
= −(ω′1)
P2 = −̟′1,
and
χD+
1
= χD2 = 0.
If n > m = 1, then the computation is the same as the previous one (with n and m
swapped), and we get
∆(G/P ) = {D+1 = D
+
1′ , D
−
1 , D
−
1′, D2′}
with
χD−
1
= −ω
P2
1 = −̟
′
1,
χD−
1′
= −(ω′1)
P2 = −̟′1,
and
χD+
1
= χD2′ = 0.
10.7. (SL(n)×Sp(2m))/(GL(n−2)×SL(2)×Sp(2m−2)) with n ≥ 2 and m ≥ 1. We
take the opportunity to fix a mistake in [34]. In Remark 4.4(4) of loc.cit. it is claimed
that for the case SL(n)/S(L(n−2)×L(2)), an irreducible representation of SL(n) cannot
contain two irreducible S(L(n − 2) × L(2))-modules of highest weight pωn−1 and qωn−1
with p 6= q, upon restriction. This is not true. Indeed, the extended weight semigroup
Γ˜(SL(n)/P ), where P ⊂ S(L(n−2)×L(2)) is the parabolic subgroup obtained by leaving
out the last simple root, has ((ωn−1, 0) and (ωn−1,−̟n−1)) among its generators, see 9.2.4.
Hence, if λ is the highest weight of an irreducible SL(n)-representation that contains
p̟n−1, then λ + ωn−1 is the highest weight of an irreducible SL(n)-representation that
contains irreducible representations of S(L(n − 2) × L(2)) of highest weight p̟n−1 and
(p+ 1)̟n−1.
The induction arguments of loc.cit. is still valid but it has to be applied more carefully.
The result is that the subgroup GL(n− 2)× SL(2)× Sp(2m− 2) ⊂ SL(n)× Sp(2m) does
not admit a proper parabolic subgroup that remains spherical in SL(n)× Sp(2m). This
is also in line with Remark 11.3.
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11. Application to orthogonal polynomials
Throughout this section (G,H, P ) is a strictly indecomposable multiplicity free system
with G simply connected and G,H connected, and χ ∈ X+(TH) ∩ X (P ). As we have
discussed in Section 1, the irreducible H-representation πH,χ : H → GL(VH,χ) of highest
weight χ induces multiplicity free to G. In this section we study the space
Eχ := (C[G]⊗ End(VH,χ))
H×H ,
where H ×H acts on the space C[G] by the left and right regular representation and on
the space End(VH,χ) by left and right matrix-multiplication. In particular, if χ = 0, then
E0 is the algebra of H-biinvariant functions on G. The space Eχ is a module over E0.
In this section we study the algebra structure of E0 and the E0-module structure of Eχ.
It turns out that in most of the cases E0 is a polynomial algebra and that Eχ is freely
and finitely generated as an E0-module. This structure gives rise to an abundance of
examples of matrix-valued orthogonal polynomials in several variables, generalizing the
existing examples from [18, 25, 34].
11.1. Multiplicity free induction. To describe the irreducible G-representations πG,λ
that contain πH,χ upon restriction to H we introduce the following definition.
11.1. Definition. With the notation from above,
X+(TG;H,χ) := {λ ∈ X+(TG)| dimHomH(VH,χ, VG,λ) = 1}.
We refer to this set as the χ-well.
Note that λ ∈ X+(TG;H,χ) if and only if (λ,−χ) ∈ Γ˜(G/P ).
11.1.1. Analysis of the 0-well. The 0-well X (TG;H, 0) of the spherical pair (G,H) is
equal to the weight monoid Γ(G/H) consisting of highest weights of irreducible G-
submodules of C[G/H ]. If H has a zero-dimensional center, then Γ(G/H) can be identi-
fied with Γ˜(G/H) and it follows from Proposition 5.2 that the weight monoid of G/H is
freely and finitely generated. The generators of Γ˜(G/H) are recorded in [27, Tabelle 1]
for G simple and [2, Table 1] for G semisimple but not simple.
If the center of H is not zero-dimensional, then it follows from inspection of the classi-
fication of strictly indecomposable spherical pairs [10, 27], that the center of H is one-
dimensional. If (G,H) is symmetric, then Γ(G/H) is freely generated [35, Lemme 3.4].
The spherical pairs (G,H) that are left, i.e. the spherical but non-symmetric ones for
which H has a one-dimensional center, are recorded in Table 1. In the third column we
provide the generators of Γ˜(G/H), which are taken from [2, 3, 36]
11.2. Lemma. The pair (Sp(2n), Sp(2n − 2) × C×) is the only pair (G,H) in Table 1
whose weight monoid Γ(G/H) is freely generated.
Proof. First note that the weight monoid of the pair (Sp(2n), Sp(2n− 2)× C×) is freely
generated by 2ω1 and ω2. For the pair in the first line we have
X+(TG;H, 0) =
{
2n∑
i=1
aiωi
∣∣∣∣∣
n∑
j=1
(n− j + 1)a2j−1 =
n∑
j=1
ja2j
}
.
The elements that are sums of two or three fundamental weights are
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G H generators of Γ˜(G/H)
1 SL(2n+ 1) Sp(2n) × C× (ω2i−1,−
n+1−i
n
χ), 1 ≤ i ≤ n
n ≥ 2 (ω2j ,−
j
n
χ), 1 ≤ j ≤ n
2 Sp(2n) Sp(2n − 2) × C× (ω1, ω1), (ω1,−ω1), (ω2, 0)
3 Spin(10) Spin(7) × C× (ω1, 2χ), (ω1,−2χ)
(ω2, 0), (ω4, χ), (ω5,−χ)
4 SL(n+ 1) × SL(n) SL(n) × C× (ωi + ω
′
n+1−i, (n+ 1− i)χ), 1 ≤ i ≤ n
(ωj + ω′n−j ,−jχ), 1 ≤ j ≤ n
5 SL(n) × Sp(2m) C× · (SL(n− 2)× SL(2) × Sp(2m− 2)) (ωn−2, 2χ), (ωn−1 + ω′1, χ),
n ≥ 3,m ≥ 1 (ω1 + ω′1,−χ), (ω2,−2χ)
(ω1 + ωn−1, 0) (n ≥ 4)
(ω′2, 0) m ≥ 2
Table 1. The strictly indecomposable spherical pairs that are not sym-
metric with dim(Z(H)) = 1 and the generators of their extended weight
monoids. In the fourth row we employ the convention ω′0 = ω
′
n = 0.
• ωi + ω2n+1−i, 1 ≤ i ≤ n,
• ω2i−1 + ω2k + ω2ℓ for 1 ≤ i, k, ℓ ≤ n with k + ℓ+ i = n + 1,
• ω2k−1 + ω2ℓ−1 + ω2i with 1 ≤ i, k, ℓ ≤ n with k + ℓ+ i = 2(n+ 1),
and unless n = 1 there are strictly more than 2n of these elements. Hence, for n > 1, the
weight monoid is not freely generated. Indeed, if it were, then one of these elements woul
not be a generator. But none of these elements can be expressed as a linear combination
of the others with coefficients in Z≥0, a contradiction. The arguments for lines 3–5 are
similar and the details are left for the reader. 
11.3. Remark. Note that for a strictly indecomposable spherical pair (G,H) the weight
monoid Γ(G/H) is freely generated if and only if there are at most two colors on G/H
with non-trivial H-weight. For the symmetric pairs this follows from [35, Lemme 3.4], for
the non-symmetric ones this follows from Lemma 11.2. Furthermore, note that whenever
G/H has more than 2 colors with non-trivial H-weight, there are no non-trivial parabolic
subgroups P ⊆ H that remain spherical in G.
11.1.2. Analysis of a more general χ-well. In this paragraph we assume that Γ(G/H) is
freely generated. If λ ∈ X+(TG;H,χ) and σ ∈ X+(TG;H, 0), then λ + σ ∈ X+(TG;H,χ)
by means of the Cartan projection VG,λ ⊗ VG,σ → VG,λ+σ, which is surjective and G-
equivariant. This suggests that the χ-well has certain minimal elements.
11.4. Definition. Let
B+(TG;H,χ) = {λ ∈ X+(TG;H,χ)|∀σ ∈ X+(TG;H, 0) : λ− σ 6∈ X+(TG;H,χ)},
which we call the bottom of the χ-well.
11.5. Example. Consider the spherical pair (G2, SL(3)). The parabolic subgroup P{α1} ⊂
SL(3) remains spherical in G2 and the extended weight monoid Γ˜(SL(3)/P{α1}) is gener-
ated by (ω1, 0), (ω1,−̟1), (ω2,−̟1). Consider the dominant weight 3̟1 for SL(3). The
3̟1-well is given by
aω1 + bω1 + cω2 with a, b, c ∈ Z≥0 and b+ c = 3.
The bottom of the 3̟1-well is given by
3ω1, 2ω1 + ω2, ω1 + 2ω2, 3ω2.
The 3̟1-well is illustrated in Figure 1. The roots of SL(3) are the long roots of G2.
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χFigure 1. The χ = 3̟1-well for the pair (G2, SL(3)). The nodes are
explained in Example 11.13
If the center of H is one-dimensional, then there are two colors D0 and D1 of G/H
whose H-characters are non-trivial, by Remark 11.3. Let (ωD0, µ) and (ωD1 ,−µ) be the
corresponding generators of Γ˜(G/H). Let r = rk(G/H) denote the spherical rank. If
r > 1, then the other colors of G/H are denoted by D2, . . . , Dr and the corresponding
generators of Γ˜(G/H) are denoted by (ωDi, 0) with 2 ≤ i ≤ r.
If the center of H is zero-dimensional, then the colors of G/H are denoted by D1, . . . , Dr.
The corresponding generators of Γ˜(G/H) are denoted by (ωDi, 0) with 1 ≤ i ≤ r.
In both cases the colors of G/H can be pulled back to G/P where they correspond to
generators of Γ˜(G/P ) given by the same weights. We denote the other colors of G/P by
E1, . . . , Es and the corresponding generators by (ωEj , χEj ) with 1 ≤ i ≤ s.
For an element λ ∈ X+(TG;H,χ) we write
(λ,−χ) = a0(ωD0, µ) + a1(ωD1 ,−µ) +
r∑
i=2
ai(ωDi , 0) +
s∑
j=1
bj(ωEi, χEj)(11)
if H has a one dimensional center and
(λ,−χ) =
r∑
i=1
ai(ωDi, 0) +
s∑
j=1
bj(ωEi, χEj )(12)
if H has a zero-dimensional center, where the coefficients ai, bj are in Z≥0.
11.6. Lemma. An element λ ∈ X+(TG;H,χ) is contained in B+(TG;H,χ) if and only
if min(a0, a1) = a2 = . . . = ar = 0 in case dimZ(H) = 1 or a1 = . . . = ar = 0 in case
dimZ(H) = 0.
Proof. If dimZ(H) = 0, then the statement is clear from the definition of the bottom of
the χ-well. Suppose that dimZ(H) = 1 and λ ∈ B+(TG;H,χ). If ai 6= 0 for some 2 ≤ i ≤
r, then λ− ωDi ∈ X+(TG;H,χ), a contradiction to λ ∈ B+(TG;H,χ). If min(a0, a1) > 0,
then λ − (ωD0 + ωD1) ∈ X+(TG;H,χ), again a contradiction to λ ∈ B+(TG;H,χ). The
other direction is clear. 
11.7. Proposition. The χ-well can be written as
X+(TG;H,χ) = B+(TG;H,χ) + X+(TG;H, 0)
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and the induced decomposition of any element is unique.
Proof. The equality of the two sets is clear, the one inclusion follows from Definition
11.4, while the other follows from the Cartan projection. To show uniqueness we write
λ = b(λ) + s(λ) with b(λ) ∈ B+(TG;H,χ) and s(λ) ∈ X+(TG;H, 0). By Lemma 11.6
the coefficients of (b(λ),−χ) and (s(λ), 0) are uniquely determined by the coefficients of
(λ,−χ). Hence the decomposition is unique. 
The action of H on the annihilator h⊥ ⊆ g∗ of h has a generic stabilizer H∗ ⊆ H
which is reductive, see [19]. It is known [34] that the decomposition of the restriction
of πH,χ to H∗ is multiplicity free. Moreover, we can choose TG in such a way that
TH∗ = TG ∩ H∗ is a maximal torus of H∗ and the weights λ ∈ Γ(G/H) vanish on TH∗ .
The reason is thatH∗ is contained in a Levi subgroup of the parabolic subgroup adapted to
G/H (i.e. corresponding to the subset of simple roots Sp(G/H)), but it also contains the
commutator subgroup of this Levi subgroup. Note that we can also choose a compatible
Borel subgroup BH∗ of H∗ that is contained in a Borel subgroup of G. This implies that
restriction to TH∗ induces a map X+(TG)→ X+(TH∗), λ 7→ λ∗.
As explained in [34, Proposition 2.4], the restriction of a weight λ ∈ X+(TG;H,χ) to
TH∗ is the highest weight of an irreducible representation of H∗ that is contained in the
restriction of πH,χ to H∗. In loc. cit. it is shown that all irreducible H∗-representations in
the decomposition of πH,χ can be obtained in this way. For later reference we record the
following result.
11.8. Lemma. The elements in B+(TG;H,χ) are in one-to-one-correspondence with the
H∗-types in the restriction π
H
χ |H∗, via the map λ 7→ λ∗.
Proof. It remains to show that the map B+(TG;H,χ)→ X+(TH∗) is injective. Let λ, λ
′ ∈
B+(TG;H,χ) with λ∗ = λ
′
∗. Then λ − λ
′ ∈ ZΓ(G/H) ⊆ Ξ(G/H) because (λ,−χ) −
(λ′,−χ) = (λ − λ′, 0). If λ − λ′ 6= 0, then one of the coefficients ai or a
′
i of (λ,−χ)
or (λ′,−χ) in (11) of (12) is non-zero. By Lemma 11.6 this can only happen when
dim(Z(H)) = 1. Without loss of generality we assume that a0 > 0 and a1 = 0. Since
λ− λ′ ∈ ZΓ(G/H), we must have a′0 − a
′
1 = a0 to make sure that the second component
is zero. At the same time min(a′0, a
′
1) = 0 by Lemma 11.6. It follows that a1 = 0 and
a′0 = a0, i.e. λ = λ
′. 
11.2. Spherical functions. We proceed to investigate the algebra structure of E0 and
the E0-module structure of Eχ. We recall the definition of a spherical function in our
framework.
11.9. Definition. Let λ ∈ X (TG;H,χ). Let j
χ
λ : VH,χ → VG,λ and p
χ
λ : VG,λ → VH,χ be
an H-equivariant inclusion and projection with pχλ ◦ j
χ
λ = IdVH,χ. The spherical function
of type χ associated to λ is defined by Φµλ : G → End(VH,χ) : g 7→ p
χ
λ ◦ πG,λ(g) ◦ j
χ
λ . If
χ = 0, then the spherical function of type 0 associated to λ ∈ X (TG;H, 0) is called a
zonal spherical function associated to λ and it is denoted by φλ.
For later reference we introduce the following notation. If K ⊆ G is a subgroup and
µ : K → C×, then we denote by
(VG,λ)
(K)
(µ) := {v ∈ VG,λ : kv = µ(k)v}
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the weight space of K of weight µ. We denote (VG,λ)
K := (VG,λ)
(K)
(0) , the space of K-
invariants.
If v ∈ V Gλ and η ∈ (V
G
λ )
∗ then mλv⊗η ∈ C[G] denotes the matrix coefficient defined by
mλv⊗η(g) = η(g
−1v).
11.10. Lemma. Let λ ∈ X (TG;H, 0) and λ
′ ∈ X (TG;H,χ). Let m
λ
v⊗η, m
λ′
v′⊗η′ ∈ C[G]
with v ∈ (VG,λ)
H , η ∈ ((VG,λ)
∗)H , v′ ∈ VG,λ′ and η
′ ∈ ((VG,λ′)
∗)
(P )
(−χ). Then
mλv⊗ηm
λ′
v′⊗η′ =
∑
β∈Z≥0Σ(G/P )
cλ,λ
′
λ+λ′−βm
λ+λ′−β
v′′⊗η′′
for some v′′ ∈ VG,λ+λ′−β and η
′′ ∈ ((VG,λ+λ′−β)
∗)
(P )
(−χ). Moreover, c
λ,λ′
λ+λ′ 6= 0.
Proof. Let M,M ′ ⊆ C[G] be the irreducible G-modules that contain the matrix coeffi-
cients mλv⊗η, m
λ′
v′⊗η′ respectively. If M
′′ ⊆ M ·M ′ is an irreducible submodule of highest
weight λ′′, then λ + λ′ − λ′′ is a linear combination of spherical roots of G/P with co-
efficients in Z≥0. The non-vanishing follows from the fact that the Cartan projection
VG,λ ⊗ VG,λ′ → VG,λ+λ′ is surjective and that simple tensors are not in the kernel. 
11.2.1. Zonal spherical functions. The zonal spherical function associated to λ ∈ Γ(G/H)
can be written as a matrix coefficient. Indeed, let vH ∈ VG,λ and η
H ∈ (VG,λ)
∗ be two
non-trivial H-fixed vectors for which mλvH⊗ηH (e) = 1. Then m
λ
vH⊗ηH = φλ.
Let λ1, . . . , λs be elements of Γ(G/H) and let φλ1 , . . . , φλs be the corresponding zonal
spherical functions. The elements λ1, . . . , λs generate Γ(G/H) as a monoid if and only if
the zonal spherical functions φλ1 , . . . , φλs generate E
0 as an algebra.
To see this, suppose Γ(G/H) is generated by λ1, . . . , λs. If λ ∈ Γ(G/H), then Lemma
11.10 implies
φλφλi =
∑
β∈Z≥0ΣG/H
cλ,λi,βφλ+λi−β
with cλ,λi,0 6= 0. Note that λ + λi − β ≤ λ + λi, where ≤ denotes the standard partial
ordering on X (TG). Since there are only finitely many elements µ ∈ Γ(G/H) with
µ ≤ λ + λi, an induction argument shows that every zonal spherical function can be
expressed as a polynomial of the zonal spherical functions φλi with 1 ≤ i ≤ s. Conversely,
if the φλ1 , . . . , φλs generate E
0, then it is clear that Γ(G/H) is generated by λ1, . . . , λs.
11.11. Lemma. The algebra E0 is freely generated by φλ1 , . . . , φλr if and only if Γ(G/H)
is freely generated by λ1, . . . , λr.
Proof. Suppose that E0 is not freely generated. Consider the map ζ : C[z1, . . . , zr]→ E
0
given by za 7→
∏
i φ
ai
λi
and let p(z) =
∑
a∈Zr≥0
caz
a with ζ(p) = 0, where we use multi-index
notation. Let C(p) = {a ∈ Zr≥0 : ca 6= 0}. For a ∈ Z
r
≥0 let λ(a) =
∑r
i=1 aiλi. If C(p) = ∅,
then p = 0. Suppose p 6= 0 so that C(p) 6= ∅. The set C ′(p) = {(λ(a), a) : a ∈ C(p)}
is non-empty. Let (λ(a), a) ∈ C ′(p) with λ(a) maximal in the partial ordering ≤. Then
ζ(p) = cφλ(a)+ other terms, with c 6= 0. Since ζ(p) = 0 and the spherical functions are
linearly independent, there must be a′ ∈ C(p) different from a with (λ(a′), a′) ∈ C ′(p)
and λ(a′) = λ(a), because cφλ(a) must be canceled. It follows that Γ(G/H) is not free.
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To prove the converse implication, suppose that the generators λ1, . . . , λr are not free.
Then there exist two disjoint subsets of indices 1 ≤ i1 < · · · < is ≤ r and 1 ≤ j1 < . . . <
jt ≤ r and coefficients ai1 , . . . , ais , bj1, . . . , bjt for which
s∑
k=1
aikλik =
s∑
ℓ=1
bjℓλjℓ
and for which λ =
∑s
k=1 aikλik is minimal with respect to ≤. Let p(z1, . . . , zr) =
∏s
k=1 z
aik
ik
and q(z1, . . . , zr) =
∏t
ℓ=1 z
bjℓ
jℓ
. Then
p(φλ1 , . . . , φλr) =
∑
λ′≤λ
c(λ′, λ)φλ′, q(φλ1, . . . , φλr) =
∑
λ′≤λ
d(λ′, λ)φλ′
with c(λ, λ) 6= 0 and d(λ, λ) 6= 0. Hence
ζ(d(λ, λ)p− c(λ, λ)q) =
∑
λ′<λ
e(λ′, λ)φλ′
for some coefficients e(λ, λ′). Let rλ′ ∈ C[z1, . . . , zr] be so that ζ(rλ′) = φλ′ for λ
′ < λ.
Then for all monomials zf with f ∈ C(rλ′) we have λ(f) ≤ λ
′. In particular we note that
the monomials p and q do not occur in any of the polynomials rλ′. Hence the polynomial
d(λ, λ)p− c(λ, λ)q −
∑
λ′<λ e(λ
′, λ)rλ′ is non-trivial and it is mapped to 0 by ζ . 
We conclude that under our assumptions on (G,H, P ), the algebra E0 is a polynomial
algebra if and if Γ(G/H) is freely generated.
11.2.2. Spherical functions of type χ. We retain the assumptions on (G,H, P ) and χ.
Moreover, in this paragraph we assume that E0 is a polynomial algebra, i.e. the weight
monoid of G/H is freely generated.
11.12. Theorem. The space Eχ is freely and finitely generated as an E0-module.
Proof. Let λ ∈ X+(TG;H,χ) and let λi ∈ Γ(G/H) be a generator. Upon writing the
spherical function Φχλ in coordinates subject to a weight basis of VH,χ, it will have a
matrix coefficient mλv⊗η among its entries, where v and η are P -eigenvectors. It follows
from Lemma 11.10 that
φλiΦ
χ
λ =
∑
β∈Z≥0ΣG/P
cλ,λiλ+λi−β(χ)Φ
χ
λ+λi−β
with cλ,λiλ+λi 6= 0. Since the number of λ
′ ∈ X+(TG;H,χ) with λ
′ ≤ λ is finite, an induction
argument shows that Φχλ can be expressed as an E
0-linear combination of the spherical
functions Φχb with b ∈ B+(TG;H,χ). This shows that E
χ is finitely generated as an
E0-module. Let pb ∈ E
0 with b ∈ B+(TG;H,χ) be a family of polynomials and consider
(13)
∑
b∈B+(TG;H,χ)
pbΦ
χ
b =
∑
λ∈X (TG;H,χ)
c(λ)Φχλ.
Similarly write pbΦ
χ
b =
∑
λ∈X (TG;H,χ)
cb(λ)Φ
χ
λ. The polynomial pb can be written as a
linear combination of zonal spherical functions, say with spherical weights in the set
P (pb). If s ∈ P (pb) is maximal, then cb(b + s) 6= 0 by Lemma 11.10. Let max(P (pb))
denote the set of maximal elements in P (pb). Let λ ∈ ∪b(b + max(P (pb))) be maximal
and write λ = b(λ) + s(λ) according to Proposition 11.7.
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We claim that cb(λ) = 0 if b 6= b(λ). Suppose that cb(λ) 6= 0. Then λ = b+s−β for some
s ∈ P (pb) and β ∈ Z≥0Σ(G/P ), by Lemma 11.10. If s ∈ P (pb) is not maximal, then
there is an element s′ ∈ P (pb) with s
′ = s + γ, for γ a linear combination of roots with
non-negative integer coefficients. Hence λ = b+ s′− γ− β. If γ+ β = 0 then b = b(λ) by
Proposition 11.7, contradicting the assumption that b 6= b(λ). Hence γ+β 6= 0. But this
implies λ < b+ s′ while at the same time b+ s′ ∈ ∪b(b+max(P (pb))). This contradicts
λ being maximal and we conclude that cb(λ) = 0.
These arguments also show that if pb 6= 0 for some b ∈ B+(TG;H,χ), then there is a
non-zero coefficient c(λ) in (13). Conversely, if (13) is equal to zero, then all pb must be
equal to zero. This shows that Eχ is freely generated over E0. 
11.13. Example. The algebra of SL(3)-biinvariant functions on G2 is E
0 = C[φω1]. Let
λ = 4ω1 + 3ω2, the black node in Figure 1. The function φω1Φ
3̟1
λ can be expressed as a
linear combination of the spherical functions
Φ3̟1λ+ω1 ,Φ
3̟1
λ+2ω1−ω2
,Φ3̟1λ+ω1−ω2 and Φ
3̟1
λ−ω1
.
Conversely, the spherical function Φ3̟1λ+ω1 can be expressed as an E
0-linear combination of
spherical functions of type 3̟1 associated to dominant weights < λ+ω1. This illustrates
the induction argument of Theorem 11.12.
Theorem 11.12 implies that Eχ is isomorphic to E0 ⊗ Cdχ , where dχ is the number of
elements in B+(TG;H,χ). This means that for λ ∈ X+(TG;TH , χ) there exist uniquely
determined polynomials pχλ,b ∈ E
0 with b ∈ B+(TG;H,χ) for which
Φχλ =
∑
b∈B+(TG;H,χ)
pχλ,bΦ
χ
b .
This construction yields a family of vector-valued polynomial on G, labeled by the weights
λ ∈ X+(TG;TH , χ). In fact, for each σ ∈ Γ(G/H) we can group the vector-valued
polynomials with label b + σ, b ∈ B+(TG;H,χ) into a matrix-valued polynomial on G.
The size of the matrices is dχ × dχ. Note that dχ = dim(EndH∗(VH,χ)) by Lemma 11.8.
The orthogonality for these vector- and matrix-valued polynomials comes from Schur
orthogonality, which is given by integration over a suitable maximal compact subgroup
Gc ⊆ G. For the multiplicity free systems (G,H, P ) where (G,H) is symmetric, this
integration can be further reduced to an integration over a compact torus Ac ⊆ Gc by
means of the Cartan decomposition of Gc.
The general set-up to obtain matrix-valued functions from multiplicity free systems
has been alluded to in [34] and was worked out in [25] based on the specific case of
(SL(n) × SL(n), diag(SL(n)), P ), where P is obtained by leaving out the first or last
simple root. The three conditions in loc.cit. guarantee the existence of families of matrix-
valued polynomials. The first condition requires multiplicity free induction, the second
that X+(TG;TH , χ) is of the form of Proposition 11.7 and the third requires a degree
function on X+(TG;TH , χ) that was used in an argument to show that E
χ is finitely
generated as an E0-module. This degree function was actually a multi-degree that that
established a partial ordering which was needed in the argument, but it turns out that
the multi-degree does not exist in some of the cases. In this paper, we have replaced
the partial ordering from [25] by the usual partial ordering on the weight lattice and
everything works fine.
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12. Tables
In the table below we gather all the indecomposable multiplicity free systems (G,H, P )
with the generators of the extended weight monoid Γ˜(G/P ). As usual, P is indicated by
the missing simple root(s).
G H P Generators Γ˜(G/P )
9.1.1 SL(2n) Sp(2n) {β1} (ω2i, 0), 1 ≤ i ≤ n− 1
(ω2j−1,−̟1), 1 ≤ j ≤ n
9.1.2 SL(6) Sp(6) {β3} (ω1 + ω3 + ω5,−̟3),
(ω1 + ω4,−̟3),
(ω2 + ω5,−̟3),
(ω2, 0), (ω3,−̟3), (ω4, 0)
9.1.3 SL(4) Sp(4) {β1, β2} (ω1 + ω3,−̟2), (ω1,−̟1), (ω2, 0)
(ω2,−̟2), (ω3,−̟1)
9.2.1 SL(q + 3) S(L(2) × L(q + 1)) {β1} (ω1 + ωq+2, 0), (ω1,−̟1), (ω2,−̟2),
1 ≤ q (ωq+1,̟2), (ωq+2,̟2 −̟1)
9.2.2 SL(p + q + 2) S(L(p + 1)× L(q + 1)) {β1} (ωi + ωn+1−i, 0), 1 ≤ i ≤ p,
2 ≤ p ≤ q (ωj + ωn+2−j ,−̟1 −̟p+1),
2 ≤ j ≤ p,
n = p + q + 1 (ωq+2,−̟1), (ω1,−̟1 −̟p+1),
(ωq+1, ̟p+1), (ωp+1,−̟p+1)
9.2.2 SL(p + q + 2) S(L(p + 1)× L(q + 1)) {βp} (ωi + ωn+1−i, 0), 1 ≤ i ≤ p,
2 ≤ p ≤ q (ωj + ωn−j ,−̟p +̟p+1),
1 ≤ j ≤ p− 1,
n = p + q + 1 (ωp,−̟p), (ωn,−̟p +̟p+1),
(ωp+1,−̟p+1), (ωq+1,̟p+1)
9.2.3 SL(p + q + 2) S(L(p + 1)× L(q + 1)) {βp+1} (ωi + ωn+1−i, 0), 1 ≤ i ≤ p,
1 ≤ p < q (ωj + ωn+2−j ,̟p+1 −̟p+2),
2 ≤ j ≤ p+ 1,
n = p + q + 1 (ω1, ̟p+1 −̟p+2), (ωp+1,−̟p+1),
(ωp+2,−̟p+2), (ωq+1,̟p+1)
9.2.3 SL(p + q + 2) S(L(p + 1)× L(q + 1)) {βp+q} (ωi + ωn+1−i, 0), 1 ≤ i ≤ p,
1 ≤ p < q (ωj + ωn−j ,−̟p+1 −̟n),
1 ≤ j ≤ p,
n = p + q + 1 (ωn,−̟p+1 −̟n), (ωq+1, ̟p+1),
(ωq ,−̟n), (ωp+1,−̟p+1)
9.2.4 SL(q + 3) S(L(2) × L(q + 1)) {β′i} (ω1 + ωi+1,−̟i+2), (ω1 + ωn, 0),
1 ≤ p < q 2 ≤ i ≤ q (ω2,−̟2), (ωi,̟2 −̟i+2),
n = p + q + 1 (ωi+1 + ωn,̟2 −̟i+2),
(ωi+1,−̟i+2), (ωn−1,̟2)
9.2.5 SL(q + 2) S(L(1) × L(q + 1)) SH (ωi,−̟i), 1 ≤ i ≤ n,
1 ≤ q (ωj , ̟1 −̟j+1), 1 ≤ j ≤ n− 1,
n = p + q + 1 (ωn,̟1)
9.3 SO(2n + 2) SO(2) × SO(2n) {βn−1} (ω1, ̟0), (ω1,−̟0), (ω2, 0),
(ωn+1, ̟0 −̟n−1), (ωn,−̟n−1)
9.3 SO(2n + 2) SO(2) × SO(2n) {βn} (ω1, ̟0), (ω1,−̟0), (ω2, 0),
(ωn,̟0 −̟n), (ωn+1,−̟n)
9.4 SO(2n + 1) SO(2n) SH (ωi,−̟i), i ∈ {1, . . . , n− 2, n},
n ≥ 3 (ωn−1,−̟n−1 −̟n), (ω1, 0)
(ωj ,−̟j−1), 2 ≤ j ≤ n,
9.5 SO(2n + 2) SO(2n+ 1) SH (ωi,−̟i), 1 ≤ i ≤ n,
n ≥ 3 (ωn+1,−̟n), (ω1, 0),
(ωj ,−̟j−1), 2 ≤ j ≤ n
9.6 SO(2n + 2) GL(n+ 1) {β1} (ω2i−1,−̟1), i = 1, . . . ,
n
2
,
n ≥ 2 even (ω2j , 0), i = 1, . . . ,
n
2
− 1,
(ωn,
1
2
̟n+1), (ωn+1,−
1
2
̟n+1),
(ωn+1,
1
2
̟n+1 −̟1)
9.6 SO(2n + 2) GL(n+ 1) {β1} (ω2i−1,−̟1), i = 1, . . . ,
n−1
2
,
n ≥ 3 odd (ω2j , 0), i = 1, . . . ,
n−1
2
,
(ωn,
1
2
̟n+1 −̟1), (ωn+1,−
1
2
̟n+1),
(ωn+1,
1
2
̟n+1)
9.6 SO(2n + 2) GL(n+ 1) {βn} (ω2i−1,−̟n), i = 1, . . . ,
n
2
,
n ≥ 2 even (ω2j , 0), i = 1, . . . ,
n
2
− 1,
Continued on next page
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(ωn,−
1
2
̟n+1), (ωn+1,
1
2
̟n+1),
(ωn+1,−
1
2
̟n+1 −̟n)
9.6 SO(2n + 2) GL(n+ 1) {β2} (ω2i−1,−̟n), i = 1, . . . ,
n−1
2
,
n ≥ 3 odd (ω2j , 0), i = 1, . . . ,
n−1
2
,
(ωn,−
1
2
̟n+1 −̟n), (ωn+1,
1
2
̟n+1),
(ωn+1,−
1
2
̟n+1)
9.7.1 Sp(2p + 2q) Sp(2p)× Sp(2q) {β1} (ω2i, 0), 1 ≤ i ≤ q,
p > q (ω2j−1,−̟1), 1 ≤ i ≤ q + 1
9.7.1 Sp(2p + 2q) Sp(2p)× Sp(2q) {β1} (ω2i, 0), 1 ≤ i ≤ p,
p ≤ q (ω2j−1,−̟1), 1 ≤ i ≤ p
9.7.2 Sp(6 + 2q) Sp(6) × Sp(2q) {β3} (ω1 + ω4,−̟3), (ω1 + ω3 + ω5,−̟3),
q ≥ 3 (ω3,−̟3), (ω4, 0), (ω6, 0),
(ω2 + ω5,−̟3), (ω2, 0)
9.7.2 Sp(10) Sp(6) × Sp(4) {β3} (ω1 + ω4,−̟3), (ω1 + ω3 + ω5,−̟3),
(ω2 + ω5,−̟3), (ω2, 0), (ω3,−̟3), (ω4, 0)
9.7.2 Sp(4 + 2q) Sp(4) × Sp(2q) {β2} (ω1 + ω3,−̟2), (ω2, 0),
(ω2,−̟2), (ω4, 0)
9.7.2 Sp(2p + 4) Sp(2p)× Sp(4) {β2} (ω1 + ωq+1,−̟p), (ω1 + ω3 + ωp+2,−̟p),
p ≥ 4 (ω2 +̟p+2,−̟p), (ω2, 0),
(ω3 + ωp+1,−̟p), (ω4, 0), (ωp,−̟p)
9.7.2 Sp(2p + 2) Sp(2p)× Sp(2) {β2} (ω1 + ωp+1,−̟p), (ω2, 0), (ωp,−̟p)
p ≥ 2
9.7.3 Sp(2p + 2) Sp(2p)× Sp(2) {βi} (ω1 + ωi+1,−̟i), (ω2, 0),
p ≥ 3 2 ≤ i ≤ p− 1 (ωi,−̟i), (ωi+2,−̟i)
9.7.4 Sp(4 + 2q) Sp(4) × Sp(2q) {β1, β2} (ω1 + ω3,−ω2), (ω1,−̟1), (ω2,−̟2)
q ≥ 2 (ω2, 0), (ω3,−̟1), (ω4, 0)
9.7.5 Sp(2p + 2) Sp(2p)× Sp(2) {βi, βj} (ω1 + ωi+1,−̟i), (ω1 + ωj+1,−ωj), (ω2, 0),
p ≥ 2 1 < i < j − 1 < p− 1 (ωi,−̟i), (ωi+1 + ωj+1,−̟i −̟j),
(ωi+2,−̟i), (ωj ,−̟j), (ωj+2,−̟j)
9.7.5 Sp(2p + 2) Sp(2p)× Sp(2) {βi, βj} (ω1 + ωj+1,−̟1), (ω1,−̟1), (ω2, 0),
p ≥ 2 1 = i < j − 1 < p− 1 (ω2 + ωj+1,−̟1 −̟j), (ω3,−̟1),
(ωj ,−̟j), (ωj+2,−̟j)
9.7.5 Sp(2p + 2) Sp(2p)× Sp(2) {βi, βj} (ω1 + ωj+1,−ωj), (ω1 + ωi,−ωj), (ω2, 0),
p ≥ 2 1 < i = j − 1 < p− 1 (ωi,−̟i), (ωj ,−̟j),
(ωj+1,−̟i), (ωj+2,−̟j)
9.7.5 Sp(2p + 2) Sp(2p)× Sp(2) {βi, βj} (ω1 + ωi+1,−ωi), (ω1 + ωp+1,−ωp), (ω2, 0),
p ≥ 2 1 < i < j − 1 = p− 1 ((ωi,−ωi)), (ωi+1 + ωp+1,−ωi −̟p),
(ωi+2,−ωi), (ωp,−ωp)
9.7.5 Sp(2p + 2) Sp(2p)× Sp(2) {βi, βj} (ω1 + ω3,−̟2), (ω1,−̟1), (ω2,−0),
p ≥ 2 1 = i = j − 1 < p− 1 (ω2,−̟2), (ω3,−̟1), (ω4,−̟2)
9.7.5 Sp(2p + 2) Sp(2p)× Sp(2) {βi, βj} (ω1 + ωp,−̟p−1), (ω1 + ωp+1,−̟p),
p ≥ 2 1 < i = j − 1 = p− 1 (ω2, 0), (ωp−1,−̟p−1),
(ωp,−̟p), (ωp+1,−̟p−1)
9.7.5 Sp(2p + 2) Sp(2p)× Sp(2) {βi, βj} (ω1 + ω3,−̟2), (ω1,−̟1), (ω2,−̟2),
p ≥ 2 1 = i = j − 1 = p− 1 (ω2, 0), (ω3,−̟1)
9.7.6 Sp(2 + 2q) Sp(2) × Sp(2q) {β1, β′i} (ω1 + ωi+1,−̟
′
i), (ω1,−̟1), (ω2, 0),
q ≥ 1 1 < i < q (ωi,−̟
′
i), (ωi+1,−̟
′
i − ω1), (ωi+2,−̟
′
i)
9.7.6 Sp(2 + 2q) Sp(2) × Sp(2q) {β1, β′i} (ω1,−̟1), (ω1,−̟
′
1
), (ω2, 0),
q ≥ 1 1 = i < q (ω2,−̟′1 −̟1), (ω3,−̟
′
1
)
9.7.6 Sp(2 + 2q) Sp(2) × Sp(2q) {β1, β′i} (ω1 + ωp+1,−̟
′
q), (ω1,−̟1), (ω2, 0),
q ≥ 1 1 < i = q (ωp,−̟′q), (ωp+1,−̟
′
q −̟1)
9.7.6 Sp(2 + 2q) Sp(2) × Sp(2q) {β1, β′i} (ω1,−̟1), (ω1,−̟
′
1
),
q ≥ 1 1 = i = q (ω2, 0), (ω2,−̟′1 −̟1)
9.8.1 F4 Spin(9) {β1, β2} (ω1,−̟2), (ω2,−̟2), (ω3,−̟2)
(ω3,−̟1), (ω4,−̟1), (ω4, 0)
9.8.2 F4 Spin(9) {β3} (ω1 + ω4,−̟3), (ω1 + ω3,−̟3), (ω2,−̟3)
(ω3,−̟3), (ω4, 0)
9.8.3 F4 Spin(9) {β4} (ω1,−̟4), (ω3,−̟4),
(ω4,−̟4), (ω4, 0)
9.9 E6 SO(10) × C× {β1} (ω1,−̟1 + 2ǫ), (ω1,−4ǫ), (ω2, 0),
(̟6,−̟1 − 2ǫ), (ω6, 4ǫ),
(ω5,−̟1 + 2ǫ), (ω3,−̟1 − 2ǫ),
9.10 E6 F4 {β1} (ω1, 0), (ω2,−̟1), (ω3,−̟1)
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(ω4,−̟1), (ω5,−̟1), (ω6, 0)
9.11 SL(n)× SL(n) diag(SL(n)) {β1} (ωi + ω
′
n−i, 0), 1 ≤ i ≤ n− 1,
(ωi + ω′n+1−i,−̟1), 1 ≤ i ≤ n.
9.11 SL(n)× SL(n) diag(SL(n)) {βn−1} (ωi + ω′n−i, 0), 1 ≤ i ≤ n− 1,
(ωn+1−i + ω
′
i,−̟n−1), 1 ≤ i ≤ n.
10.1 SL(p + q + 2) SL(p+ 1)× SL(q + 1) {β1} (ωi + ωn+1−i, 0), 1 ≤ i ≤ p,
2 ≤ p < q (ωj + ωn+2−j ,−̟1), 2 ≤ j ≤ p,
n = p + q + 1 (ωq+2,−̟1), (ω1,−̟1),
(ωq+1, 0), (ωp+1, 0)
10.1 SL(p + q + 2) SL(p+ 1)× SL(q + 1) {βp} (ωi + ωn+1−i, 0), 1 ≤ i ≤ p,
2 ≤ p < q (ωj + ωn−j ,−̟p), 1 ≤ j ≤ p− 1,
n = p + q + 1 (ωp,−̟p), (ωn,−̟p),
(ωp+1, 0), (ωq+1, 0)
10.1 SL(q + 3) SL(2) × SL(q + 1) {β1} (ω1, 0), (ω1,−̟1), (ω2, 0),
q > 1 (ωq+1, 0), (ωq+2,−̟1)
10.1 SL(q + 3) SL(2) × SL(q + 1) {β′i} (ω1 + ωi,−̟i+1), (ω1 + ωn, 0),
q ≥ 4 2 ≤ i ≤ q − 2 (ω2, 0), (ωi−1,−̟i+1),
n = p + q + 1 (ωi + ωn,−̟i+n),
(ωi+1,−̟i+1), (ωn−1, 0)
10.1 SL(q + 2) SL(q + 1) SH r {βj} (ωi,−̟i), 2 ≤ i ≤ n, but i 6= k
q ≥ 1 1 ≤ j ≤ q (ωj ,−̟j+1), 1 ≤ k ≤ n− 1, but j 6= k,
n = p + q + 1 (ω1, 0), (ωn, 0)
10.2 SO(4n + 2) SL(2n + 1) {β1} (ω2i−1,−̟1), 1 ≤ i ≤ n,
n ≥ 2 (ω2j , 0), 1 ≤ i ≤ n− 1,
(ω2n, 0), (ω2n+1, 0), (ω2n+1,−̟1)
10.2 SO(4n + 2) SL(2n + 1) {β2n} (ω2i−1,−̟2n), 1 ≤ i ≤ n,
n ≥ 2 (ω2j , 0), 1 ≤ i ≤ n− 1,
(ω2n, 0), (ω2n+1, 0), (ω2n+1,−̟2n)
10.3 Spin(9) Spin(7) {β1} (ω1, 0), (ω2,−̟1), (ω3,−̟1)
(ω4, 0), (ω4,−̟1)
10.4.1 Spin(7) G2 {β1} (ω1,−̟1), (ω2,−̟1)
(ω3, 0), (ω3,−̟1)
10.4.2 Spin(7) G2 {β2} (ω1 + ω2,−̟2), (ω2,−̟2)
(ω1 + ω3,−̟2), (ω3, 0)
10.5 G2 SL(3) {β1} (ω1, 0), (ω1,−̟1), (ω2,−̟1)
10.5 G2 SL(3) {β2} (ω1, 0), (ω1,−̟2), (ω2,−̟2)
Table 3: (G,H) spherical, not symmetric, G not simple.
G H P Generators Γ˜(G/P )
10.6.1 Sp(2m) × Sp(2n) Sp(2m − 2) × SL(2)× Sp(2n − 2) {βm−1} (ω1 + ωm,−̟m−1), (ω1 + ω′1, 0),
n > 1, m > 2 (ω2, 0), (ωm−1,−̟m−1),
(ωm + ω′1,−̟m−1), (ω
′
2
, 0)
10.6.1 Sp(2m) × Sp(2) Sp(2m − 2)× SL(2) {βm−1} (ω1 + ωm,−̟m−1), (ω1 + ω′1, 0),
m > 2 (ω2, 0), (ωm−1,−̟m−1),
(ωm + ω′1,−̟m−1)
10.6.1 Sp(4) × Sp(2n) Sp(2) × SL(2)× Sp(2n − 2) {β1} (ω1,−̟1), (ω1 + ω′1, 0),
n ≥ 2 (ω2, 0),
(ω2 + ω′1,−̟1), (ω
′
2
, 0)
10.6.1 Sp(4) × Sp(2) Sp(2) × SL(2) {β1} (ω1,−̟1), (ω1 + ω′1, 0),
(ω2, 0), (ω2 + ω′1,−̟1),
10.6.1 Sp(2m) × Sp(2n) Sp(2m − 2) × SL(2)× Sp(2n − 2) {βi} (ω1 + ωi+1,−̟i), (ω1 + ω′1, 0),
1 < i < m− 1 (ω2, 0), (ωi,−̟i), (ω′2, 0),
n > 1 (ωi+1 + ω′1,−̟i), (ωi+2,−̟i)
10.6.1 Sp(2m) × Sp(2) Sp(2m − 2)× SL(2) {βi} (ω1 + ωi+1,−̟i), (ω1 + ω′1, 0),
1 < i < m− 1 (ω2, 0), (ωi,−̟i),
(ωi+1 + ω′1,−̟i), (ωi+2,−̟i)
10.6.1 Sp(2m) × Sp(2n) Sp(2m − 2) × SL(2)× Sp(2n − 2) {β1} (ω1 + ω′1, 0), (ω1,−̟1)
m ≥ 3, n > 1 (ω2, 0), (ω2 + ω′1,−̟1),
(ω3,−̟1), (ω′2, 0)
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10.6.1 Sp(2m) × Sp(2) Sp(2m − 2)× SL(2) {β1} (ω1 + ω′1, 0), (ω1,−̟1)
m ≥ 3 (ω2, 0), (ω2 + ω′1,−̟1),
(ω3,−̟1)
10.6.2 Sp(2m) × Sp(2n) Sp(2m − 2) × SL(2)× Sp(2n − 2) {β′1} (ω1 + ω
′
1, 0),
n > 1, m > 1 (ω1,−̟′1), (ω
′
1,−̟
′
1),
(ω2, 0), (ω′2, 0)
10.6.2 Sp(2m) × Sp(2n) Sp(2m − 2) × SL(2)× Sp(2n − 2) {β′
1
} (ω1 + ω′1, 0),
n > 1, m > 1 (ω1,−̟′1), (ω
′
1
,−̟′
1
),
(ω2, 0), (ω′2, 0)
10.6.2 Sp(2m) × Sp(2) Sp(2m − 2)× SL(2) {β′1} (ω1 + ω
′
1, 0),
m > 1 = n (ω1,−̟′1), (ω
′
1,−̟
′
1),
(ω2, 0)
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